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Synopsis

According to the AdS/CFT correspondence, type IIB string theory on AdSs x S°
is dual to the four-dimensional N = 4, SU(N) gauge theory on the boundary. In the
weak coupling limit and large curvature, the string theory can be approximated by
the gravity description and so gravity theory on (d+1) dimensional AdS spacetime
corresponds to gauge theory living on the d-dimensional boundary. Since this dual-
ity connects the weakly coupled gauge theory to strongly coupled gravity theory and
vice versa, this connection provides a way to describe strongly coupled problems of
the gauge theory in the set up of weakly coupled gravity theory, which can be anal-
ysed more easily. Soon it transpires that this can be extended to other field theories
as well. In fact the radial direction of the AdS space turns out to corresponds to the
energy scale of the dual field theory in the sense that theory living on d-dimensional
slices at definite values of radial variable in the bulk corresponds to field theory at
a definite energy scale. This duality has been widely applied to the context of var-
ious strongly coupled theories, such as quark-gluon-plasma or strongly correlated

systems in condensed matter theories, among others.

In this thesis we will discuss such applications in the context of superconduc-
tors. Being a finite density, finite temperature systems, dual of such systems can
be realised by charged black holes in gravity theory. It turns out that black holes in
presence of matter fields develop instability and below a critical temperature, config-
uration with condensation of matter fields becomes thermodynamically more stable,
which translates in field theory side into transition to a superconducting phase, more

commonly called as holographic superconductor. The holographic superconductors
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may correspond to condensation of scalar field (s-wave), vector field (p-wave) or
tensor field (d-wave). In general, the superconductors are spatially homogeneous
but in condensed matter there are ample examples of spatially modulated supercon-

ducting phases as well.

We are mostly interested in such superconducting states with spatial modula-
tion. We are motivated by the work [1], where authors have studied two different
phases, namely metallic and insulating phase. Indeed, superconductors admit in-
sulating phase characterised by antiferromagnetic properties and it has been sug-
gested [4] that such antiferromagnetic property may correspond to condensation of
scalar field, which are in adjoint of SU(2). In the spirit of that suggestion, we have
considered a model involves gravity coupled with SU(2) x U(1) gauge theory with a
scalar field in adjoint of SU(2) along with a Chern Simons term. The Chern-Simons
term plays a crucial role in condensation of the vector field. One of the solution of
our theory is RN-AdS black hole, which we have identified with the normal phase.
Below critical temperature, it gives rise to s wave phase through condensation of
scalar, p wave phase through condensation of SU(2) gauge field, or s+p wave phase
through condensation of both. We have studied the variation of free energy along
with temperature for all the phases. We found for a given temperature s wave phase
has least free energy, p wave phase has even higher and s+p wave phase has highest.
So we may conclude that in the thermodynamically most preferred state the scalar
field condenses. All the phases make transition to normal phase (i.e the phase with-
out any condensate) at critical temperature and all the phase transition are second
order in nature. For p wave phase, from the study of free energy vs temperature for
various pitches we observe that there is a value of pitch k for which free energy is

minimum. We have also studied ac conductivities of this model.

The abovementioned study was done within the context of Einstein gravity which
corresponds to a large /N limit and superconducting phase corresponds to sponta-
neous breakdown of a U(1) symmetry. A similar feature appears in (2+1) dimen-

sional theory as well and in the light of Mermin-Wagner theorem it suggests that
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the fluctuations may get suppressed at large N limit. In order to study this scenario
as one deviates from large N limit, we consider further corrections coming from the
higher derivative terms. To be precise, we include Gauss Bonnet terms to the action
of the gravitational system. Similar to the Einstein gravity, this also admits black
hole solution as well as condensation of matter fields. We have studied the behaviour
of the free energy and the condensates with variation of temperature in this model.
We have found indeed the higher derivative correction suppresses the condensation
1.e the critical temperature decreases with the increase of the strength of higher cur-
vature correction. We have also studied AdS soliton solutions into which the black
hole may decay on variation of chemical potential. Such transition happens at zero
temperature, and from the consideration of the behaviour of the free energy on vari-
ation of chemical potential we find that the critical chemical potential increases with

the increase of the strength of higher curvature correction.

As mentioned above, since the radial direction in AdS space corresponds to
energy scale of the boundary theory, it provides a convenient set up for study of
renormalisation group flow and in the case of gauge/gravity duality it is called as
holographic RG flow, where in the gravity theory one considers flow of the space
time fields with radial direction of AdS space. In general, in the context of RG flow
one is interested in fixed points, which usually refer to those points on energy scale
where (3 function vanishes. Verlinde et. al. showed [2, 3] in gravity theory one can
construct similar g functions as well using holographic RG flow and the point where
the 3 function vanishes are associated with fixed points. Thus different phases arised
in condensed matter system can be identified as the fixed point of holographic RG

flow.

We have applied holographic RG flow in our model and have identified two dif-
ferent fixed points. One fixed point arises at vanishing v.e.v of scalar field, while for
the other, scalar field v.e.v lies on a circle. The model admits RN AdS black hole
solution for vanishing of scalar field and SU(2) field and it may be noted that [1] the

near horizon geometry of RN AdS black hole (along with some deformation) corre-
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sponds to metallic phase. The other phase corresponds to breaking of SU(2) — U(1)
and expected to be insulating. It has been suggested that condensation of adjoint
SU(2) scalar field corresponds to antiferromagnetic phase [4]. So this study seems
to connect metallic and insulating antiferromagnetic phases through holographic RG

flow.

Another interesting arena is the strange metal phases which shows anomalous
scaling of transport coefficient with temperature. For example, resistivity shows
a linear temperature dependence for these phases, which is different from the be-
haviour predicted by Fermi liquid theory. It has been suggested that such anomalous
behaviour may holographically realised through hyperscaling violating asymptoti-
cally Lifshitz theories [8]. These theories show different scaling for time and space
coordinates and the duality proposed in the context of asymptotically AdS space-
time has been generalised to include other asymptotic geometries. Usual approach
to study such transport coefficients is to do near horizon analysis as done in [5-7].
This method, although quite efficient, does not accommodate different boundary
conditions and the boundary operators cannot be identified. Instead, we have chosen
a different approach proposed in [9] where one can accommodate different boundary
conditions. We consider a dyonic black hole solution as background and considering
the equations of motion of linear fluctuations in this we study the direct conductiv-
ity, Seebeck coefficients, Hall angle etc. The temperature dependence turn out to
be quite involved and we identified different scaling regime to obtain a simplified
power law behaviour for different ranges of parameters. To summarise we have stud-
ied differnt aspects of holographic superconductors, which shows a quite rich and
complex phase structures. Incorporation of further ingredients and generalisation of
the models considered here may provide better agreement with realistic phenomena
in condensed matter theories and may deepen our understanding of holography as

well.
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Chapter 1

Introduction

1.1 An Overview

Field theory have been proved to be extremely successful in describing various phe-
nomena in Physics. Ranging from high energy theories that governs the dynamics
of elementary particles to condensed matter theories involving strongly correlated
systems, field theory plays dominant roles. However, its most effective machineries
are essentially perturbative in nature and that creates a limitation in its applications
where the interaction is strong. Though various methods such as % approximation,
lattice gauge theory, have been designed to tackle such problems, strong interaction

remains a challenge.

In the last century a fascinating connection was established between gauge the-
ories and theory of gravity. Actually, that such a connection exists was known for
quite some time. ’t Hooft [97] showed that Feynman diagrams of gauge theory
using double line techniques leads to triangulation of surfaces and therefore eval-
uating partition function are essentially connected to sum over geometries. But it
was first concretely realized through the AdS/CFT conjecture. Loosely speaking it
claims that a gauge theory in d dimensions is in a sense equivalent to gravity the-
ory in (d+1) dimensions. As it is this sounds quite unusual as gravity theories and

gauge theories quite diffrenet. However, these two appearances refer to two different
1



regimes of the coupling constants of the same theory. In particular, strongly coupled
regime of gauge theory is dual to a gravity theory in weakly coupled regime and
vice versa. This makes this conjecture extremely useful as it enables one to address
the issues of strogly coupled regime of one theory in a weakly copuled set up of
other theory. In particular, topics such as counting of degrees of freedom in a black
hole solution of gravitational theory may be explored in the set up of a gauge theory.
Similarly, strongly coupled phenomena of gauge theories, which were accessible to
lattice computations, can be discussed in terms of a weakly coupled gravity theory.
With classical gravity it can address the leading order phenomena of an % expansion
and it is possible to unravel the higher order contribution in a systematic manner as

well.

Immediately after its advent, the correspondence have been applied to diverse
arena of physics [1] . In its initial form it relates gravity theory on certain spaces
called Anti de Sitter space in five dimension, denoted as Ad.Ss, to certain Yang-Mills
theory with SU(N) gauge group and N=4 supersymmetry. This duality [98] is also
referred to as the holographic duality or the gauge/gravity correspondence. Though
in its original formulation, the correspondence related four-dimensional Conformal
Field theory (CFT) to the geometry of anti-de Sitter (AdS) space in five dimensions,
soon it transpired that this duality can relate strongly correlated many body systems
to the classical dynamics of gravity in one higher dimension in a much more general

setting.

Theories of condensed matter turns out to be one set of natural arenas for applica-
tion of this duality as frequently it involves strongly correlated systems of electrons.
In particular, it was realised that this duality may be applied to explore the behaviour
of superconductors and its various cousins. These kinds of systems are usually of fi-
nite temperature and finite charge density. Therefore charged black holes are natural
gravity duals for them as they are characterised by finite temperatures and finite den-
sity. The dual of superconductor in its simplest version [11] considered a scalar field

coupled to gravity and showed that below certain temperature, the stable configu-
2



ration corresponds to black hole solution with condensation of the scalar field. In
the dual theory it gets translated to a superconducting phase transition with a scalar
order parameter. In this case, order parameter corresponds to spinless operator and
such phases are termed as s-wave phase. Superconducting phases may corresponds
to condensation of fields of non-zero spins as well, such as vectors or spin two tensor
fields, which are termed as p and d-wave superconductors respectively. Examples
of p-wave superconductors are U Pt3 in SroRuO4 and (TMTSF)oPFg, where the
former is heavy fermion materials while the latter is organic materials. Similarly, d-
wave superconductors occur in high T, cuprate materials. In literature, black holes
corresponding to all these three phases have been constructed. These black holes
are usually spatially homogeneous and the superconductors are also characterised

by similar homogeneity.

However, holographic superconductors may have inhomogeneous features of
various kinds. In many cases, investigations have found that the homogeneus config-
uration suffers from instabilities giving rise to inhomogeneous ground states. Such
features are present in the models of holographic QCD such as Sakai-Sugimoto
model and as in certain (2+1)-dimensional brane models [99]. In the holographic
applications black hole solutions are found that have instabilities leading to charge
density wave or striped phases. In many of the cases, the essential mechanism re-
sponsible for such inhomogeneity is presence of Maxwell Chern-Simons term with
a constant electric field. Such spatially modulated phases are widely seen in con-

densed matter applications.

In the present work we will begin with a certain model that gives rise to su-
perconducting states with spatial modulation. We are motivated by the work [74],
where authors have studied transition between metallic phase and an insulating
phase. They considered a gravity theory coupled to two U(1) gauge fields, with
the presence of Chern Simons term. This gravity theory, along with certain defor-
mation, which can be identified as a fixed point, corresponding to metallic phase.

However, an instability around this configuration triggers a flow and the system de-
3



velops another fixed point solution which is related to insulating phase. Indeed,
superconductors admit insulating phase characterised by antiferromagnetic proper-
ties. But incorporation of such a feature may require further generalization of this
model. It was shown in [36] that antiferromagnetism of a condensed matter system
is realized in terms of condensation of a scalar field in the adjoint representation
of SU(2), with spontaneous breakdown of symmetry SU(2) — U(1). To this end
we adopt a bottom-up approach and consider a phenomenological model of gravity
in five dimensions. It consists of gravity coupled to SU(2) x U(1) gauge theory
with the scalar field in the adjoint representation in the presence of Chern Simons
term. This model admits RN-AdS black hole as well as a helical configuration with
condensation breaking SU(2) to U(1). As we will observe this model has a rich
and complex phase structure. It admits both s-wave and p-wave phases as well as
admixtures of the same. By varying the parameters we have studied the competition

and coexistence of these various phases of this model in the third chapter.

One of the limitations of the analysis of the SU(2) x U(1) model stems from the
fact that in this bottom up approach we have restricted ourselves to the gravity up to
quadratic terms. Indeed it would have been satisfactory to incorporate the model in a
string theoretic framework which will enable us to study the theory as well. Though
such an incorporation has not been done, one can explore the qualitative modifica-
tions of the picture by adding suitable higher derivative terms in the gravity action.
In that vein, we consider the SU(2) x U(1) model coupled to gravity theory with
Gauss-Bonnet term. The reason for addition of Gauss-Bonnet term is the fact that
an analogue of AdS black hole solution is admitted by it and study of behaviour of
different phases with such a black hole in the background may reveal the changes in
the behaviour. We have studied the effect of higher derivative terms on the boundary
theory numerically and find the superconducting transition temperature will be more
and more suppressed as the higher derivative terms becomes more and more strong.
This result is in keeping with Mermin-Wagner theorem and is consistent with the

study of role of higher derivative terms in other settings [38] .
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We have also investigated similar phenomenon in the context of AdS soliton.
Superconducting phase in this model is continuously connected to charged AdS
black hole and below the critical temperature the superconducting phase is favoured
thermodynamically. There are solitonic configuration in which charged AdS black
hole may decay into, obtained by making a double Wick rotation. This undergoes
a critical phase transition due to variation in chemical potential at zero temperature
in the sense that there exists a critical value of chemical potential above which the
scalar field condenses giving rise to a superconducting phase of AdS soliton. We
have found the critical chemical potential increases with the increase of the strength
of higher curvature correction. This result is also along the line of the conclusion we
obtained for black hole solution. The study pertaining to higher derivative gravity

appears in the fourth chapter.

Holographic theories provide natural arena for renormalisation group flow, be-
cause different slices at different values of radial coordinates may be considered as
the boundary theory at different energy scales. Since in holography, couplings in the
boundary theory arises as space-time fields in the gravity theory, one can consider
the variation of the fields with radial distance through Callan-Symanzik equations
obtained by using holographic technique. We mentioned earlier the SU(2) x U(1)
model admits RN AdS black hole, whose near horizon geometry (along with certain
deformation) is considered to be dual to metallic phase [74], while the condensed
phase of the spatially modulated helical black hole is characterised by breaking of
SU(2) down to U(1). Therefore it is natural to consider possible phase transitions in
this model using holographic renormalization group flow between these two phases.
For the present model we have obtained the gravitational Callan-Symanzik equa-
tion and S function. From the zeros of  functions we have identified two different
fixed points, one of which is suggestive to be metallic nonmagnetic phase while the
other turns out to be associated with spontaneous breakdown of SU(2) into U(1).
The general phases of high temperature superconductors in Figure(1.1) suggests that

such a phase may be identified with antiferromagnetic insulating configuration. It
5
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Figure 1.1: Different phases of high temperature superconductor

is known that by varying doping one can obtain such a phase in cuprate and iron
based superconductors. A more explicit realisation of it would be very useful. This

analysis of holographic renormalization appears in fifth chapter.

Next we turn towards transport properties. There are some materials such as
heavy fermion superconductors and cuprate high 7. superconductors, which exhibit
anomalous scaling of transport coefficients with temperature. That motivates us
to consider hyperscaling violating theories, which may reproduce such anomalous
behaviour [100]. However, such theories are substantially different from the asymp-
totically AdS theories that we have considered so far. In particular, we will be
considering hyperscaling violating asymptotically Lifshitz theories. In such cases
the boundary theories do not respect the Lorentz invariance and spatial and tempo-
ral coordinates scale in different ways. Example of such scaling can be given by the
symmetry of metric under t — A\t ; ¥ — A%, where z determines the critical

dimension of interactions e.g. z = 1 is relativistic invariant theory, z = 2 and 3 are

characterised by onset of antiferromagnetism and ferromagnetism respectively [4].

In order to make contact with strange metallic phase of high temperature super-
conductor, we study the transport coefficients, such as direct conductivity, Seebeck
coefficients, Hall angle etc. for such hyperscaling violating theories. One approach
to study the transport properties is to compute various coefficients from the near

horizon data [94], which is though quite efficient, does not accommodate different
6



boundary conditions. In the present thesis, we have chosen a different approach [88],
which admits incorporation of Dirichlet or Neumann or a mixed boundary condi-
tions and gives rise to different transport properties for different boundary condi-
tions. We have directly solved the equations of motion and comparing the boundary
expressions we obtain thermoelectric conductivities, Hall angles etc. Though the
expression of the temperature is quite involved, we have identified clean scaling
regime and find, for different parameters the thermoelectric coefficients behave in
different manners. These studies are accommodated in the sixth chapter of the the-
sis.

Since the AdS/CFT correspondence will be central machinery in these studies
we need to have a clear idea about the essential structure of the correspondence.
The correspondence was proposed and justified in the framework of string theory,
which is a quantum theory of gravity. A concrete description of the correspondence
then requires cursory review of some of the essential ingredients of string theory,
gauge theory and D-brane. In the rest of this chapter we will very briefly mention

the essential elements of this correpondence.

1.2 String theory and D branes

In this section we will briefly review the essetial elements of string theory and D
branes following [101, 102, 117]. First we introduce the bosonic strings and super-

string theory. Then we introduce the concept of D brane.

1.2.1 Bosonic strings and superstring theory

String theory is quantized theory of relativistic strings. A moving string parameter-
ized by 1+1 dimensional world sheet described by (o, 7) where o is the worldsheet
length and 7 is worldsheet time. The string-space-time coordinates are scalar from
the point of view of the world sheet, called X* (o, 7). String theory action is given

by, string tension times area of the world sheet
7



S:T/dA. (1.2.1)

In order to express this action in terms of X#(7, o), we define induced metric
hap = 0 X O, X "1, (1.2.2)

where a,b runs over world sheet coordinate 7,0. String action is then given by

Nambu Goto action

Sya = /deUENG
M

Lyng = L (—dethgp)? , (1.2.3)

2ral

W=

where T = # We can however write it as a Polyakov action

a'”

S=—

4o/

/ drdo/—7y ™0 X WX 1y - (1.2.4)

It depends on intrinsic worldsheet metric ,;, and the coordinate X*(7,0). De-
pending on boundary condition satisfied by the string coordinate X*(7,0) at the
spatial boundary of worldsheet, we can have two types of strings, open strings and

closed strings [101].

To write the action for superstring we want to generalize Polyakov action (1.2.4)

in terms of manifestly supersymmetric objects. We define
I = 9, X" + 8 TH9,04, (1.2.5)

which are manifestly supersymmetric under global supersymmetry transforma-

tion

504 = A 00" =

SXH = —gArHed, (1.2.6)



where ['* is ten dimensional gamma matrices(for SO(9, 1)) satisfies Clifford algebra

{T#, T} = 2n*. So kinetic term of the action will be

1
Skin = Y /d%ﬁvabngnlm. (1.2.7)
It was realized that one needs to add another term in the action, called Wess Zumino

term

1

2ma/

Sy = / 2o {eabaaXﬂ(élruabel —TT,0,07) — eab(élwaael)(fruabez)] .

(1.2.8)
- The WZ term is supersymmetry invariant for N = 2 since we have two 6’s, 6, 62,
but one can write an N = 1 invariant action as well. Then the action Sy;, + Swy
is called Green-Schwarz action for superstring. One can define another formal-
ism where the manifest supersymmetry is worldsheet one which is called Neveu

Schwarz Ramond (NSR) action. It is written in terms of fermionic variables which

are now worldsheet spinors and spacetime vector and is given by

1
VYo%

S:

/ A2 [0, XX, + Py 0t (1.2.9)

where Dirac matrices in 1+1 dimension are given by

7’ = = —ioy, (1.2.10)
11 0
0 1

R . (1.2.11)
10

The action has worldsheet supersymmetry given by

IX" = et

St = A9, X e (1.2.12)
9



When we vary the action in order to get equation of motion, apart from the bosonic

boundary term, we also get a fermionic boundary term (in open string case)

Y04 —_6Y_[g = 0. (1.2.13)

This means we have to impose the boundary condition ;. = +i¢_. We can put

4 (0,7) = 1¥_(0, 1), but then we are left with the condition

Y (m,7) = £ (7, 7). (1.2.14)

The condition with a + sign is called Ramond boundary condition and leads to
spacetime fermionic states, and the condition with a —sign is called Neveu Schwarz
(NS) boundary condition, and leads to spacetime bosonic states. Superstring theory
is defined in 10 dimension. One can quantize the theory to have NS and R spectra
for open strings while for closed strings we can independently put these boundary
conditions for the left and right moving states, gives rise to NS NS, R R, NS R and R
NS states. In 10 dimension massless particle states are classified by their behaviour
under SO(8) rotation. According to SO(8) spin, we have further classification of
states NS+, R+. A possible closed string sector thus have many possibilities, like,
(R+, NS-) and so on. However it was shown in [102] that there are several con-
straints which removes out many possibilities. The permissible string sectors can be
classified as five different superstring theories, type I, type IIA, type 1IB, Eg x Eg
heterotic, SO(32) heterotic. Type II theories has N = 2 supersymmetries, while
the other three has N = 1 supersymmetries. In order to discuss AdS/CFT duality
we will focus on supergravity limit, i.e massless spectra of the superstring theory.
In o/ — 0 limit we obtain theory of massless fields of strings. Superstring theory
lives in ten dimension, include the metric g,,, so that they describe supergravity
theory, basically type IIA and IIB supergravity. For NS-NS sector, field content is
9w antisymmetric tensor B, and a scalar ¢. The effective action for these fields

are obtained by demanding invariance under Weyl symmetry and they matches with
10



known supergravity action.

In the case of type ITA theory RR sector contains a gauge field A, with field
strength F},, = 0,A, — 0,A,, is called F3 in the form language. Also there is

antisymmetric tensor A4, given by field strength F),, .., = 40),, Ay 50, 18 called

Fy in the form language. The field strength of the NS NS field, By, is H,,, =

30,B,,), called Hj in the form language. The bosonic part of the supergravity

nvpl

action in string frame, i.e. in terms of the metric appearing in the Polyakov action

for the string, is

1 1
Sia = — [ d% {v -G le_w (R + 40,00" ¢ — §|H3|Z>] } + STIA flux

25%0
(1.2.15)

and Stya fux 18 the part of the action given by RR form fields in IIA theory and their

coupling to NS NS field B, given by

1 1 1, ~ 1
SIIAﬂux = 53 dVz { V-G l__|F2|2 — —|F4|2:| — =By AFy N F4} ,
2K73, 2 2 2
(1.2.16)
where |Fp|? = 4 F, ., F/-+F» and
Fy=dAs — Ay A Fy. (1.2.17)

For type IIB supergravity, RR sector contain a scalar Ay with field strength F,, =
0, Ap called F7 in form language, a two index antisymmetric tensor A, with field
strength F),,, = 39, F,,), called F3 in form language, and a 4-index antisymmetric
tensor field Af, ,, with modified field strength F*puy....pu5( also called F5™ in form

language), which is self dual

3 1 3
+ _ e +
F,LL1...[LL5 - aeul...‘usll@ K OF[LG..../LH) . (1'2'18)

11



Since there is the self-dual field strength consequently there is no known fully
covariant form for the type IIB action. However if one imposes the self-duality as a
constraint after varying the action, we have the bosonic supergravity action for type

IIB string is

1
S = —5 [ d% {v -G le_zd’ (R + 40,00 ¢ — §|H3\2> H + STB, flux »

2/{%0
(1.2.19)

and STB fux 18 the part of the action given by RR form fields in IIB theory, given by

1 1 1 - 1 - 1
SiBfx = —5 [ 'z {V—G [_|F1|2 — S| - —|F5|2] — A4 N Hy A Fg} :
2k, 2 2 2 2
(1.2.20)
where we have
Fg = F3— A, N Hs
~ 1 1
Fr = Iy — §A2/\H3—i— 582/\F3. (1.2.21)

The string theory has another most important object called D brane which is an
essential ingredient of AdS/CFT duality. We will discuss about it in the next sub-

section.

1.2.2 D branes

We have mentioned type II theory have different form fields. In order to carry the
charge of p + 1 form, one needs to introduce extended p dimensional objects. In
string theory, such objects are also the ones on which open string end-points obey-
ing Neumann boundary condition along p + 1 space time direction and Dirichlet
boundary conditions in (10 —p —1) spatial directions, can attach; they are known as
Dirichlet-p branes or in short Dp branes. The Dirichlet boundary conditions mean

that the endpoints of open strings are fixed and the Neumann boundary conditions
12



mean they are free and move at the speed of light. However we can consider these
conditions independently for each coordinate, in particular we can choose p + 1
string coordinates to satisfy Neumann boundary conditions for p spatial dimensions
of Dp brane and time and 10 —p —1 coordinates to satisfy Dirichlet boundary condi-
tions on perpendicular direction to Dp brane. This implies that the endpoints of the
open string are constrained to exist on a p + 1-dimensional wall in spacetime, which
we are referring as D-p-brane. Dai,Leigh and Polchinski proved [103] that this wall
where open string end point lies is dynamical, carry RR charge(as we mentiond ) so
that the form field as we discussed, coupled to this object. It can also fluctuate and
respond to external interactions. A Dp brane has action minimizing world volume
in the same way as string has an action(1.2.3) minimizing the area of its worldsheet
and the coefficient of the action should be the p-brane tension, i.e. energy (mass)

per unit volume, namely

S, =T, / dPHLe/—det(hgy) (1.2.22)

where h; 1s the induced metric on worldvolume, given by

oXHoXY

hap = 8—5‘18_5139“”0() :

(1.2.23)

This is a straightforward generalization of the case of the Nambu Goto string action

(1.2.3), which is expressed in terms of the induced metric on the string worldsheet.

We have seen the action(1.2.22) for a p-brane coupled to a spacetime metric.
Recall NS NS sector massless spectra contains metric g,,,,, antisymmetric tensor B,,,,
and dilaton ¢. In order to include the effect of complete closed string background in

o/ — 0 limit, D brane action action is given by [101,102,117]

OXHOXV
1. —
Sp = Tp/dp+ 56 ¢\/—det (8_88_@(9“” + a/BMV)) . (1224)

However open string massless modes also lives on D brane gives rise to F®F,,
13



term. So simplest form of bosonic D brane action is given by Dirac-Born-Infeld

(DBI) action

Sppr = T} / dPTiee=?\/—det (hay + o' Bay + 2ma/ Fyy) . (1.2.25)

Finally we need to consider RR form fields to D brane. It was shown [117] that

coupling of the form fields given by Wess Zumino action

Spwz = ,up/ [exp(a/Bab + 27TO/Fab) A Z A(n) , (1.2.26)
ptl n

where 1, is Dp brane charge and for each given A4(,) we keep only the term in
the expansion of the exponential that completes to a p + 1-form, and of course the
exponential is understood formally in terms of wedge product.

Let us consider a situation where there are N parallel D branes. So the respective
open strings can have their endpoints on same D brane or different D branes. Con-
sequently on the endpoints of open strings we can add labels |¢), with i going from
1 to N, which are called Chan-Paton factors. Then the open strings, with one end in
the N representation of U(N) and the other in the N representation of U(N), can be
considered to be in the adjoint representation [117]. Considering the matrices AZ-Aj in

the adjoint of U(N), the open string wave functions can be expressed as

N
Ik; A) = Z X7 (1.2.27)

ij=1
Therefore, when there are N parallel D-branes we expect a U(N) gauge theory. So
naturally the action for scalar and U(N) gauge field are now nonabelian. At the

quadratic level the action for scalar and gauge field living on D brane is given by
S, = / dPHIE(=2)Tr [—%Da&)%’ — iFabF“b +... (1.2.28)
In the next subsection we are going to discuss the special case of N parallel D3

branes which is the essential ingredient of AdS/CFT duality.
14



1.2.3 Multiple D3 branes and N=4 SYM limit

For discussion of AdS/CFT duality, the configuration of N parallel D3 branes plays
an important role. Since it is known from the consideration of massless mode that
the open string theory on N parallel D3 branes is ' = 4 supersymmetric gauge the-
ory, so first we briefly review ' = 4 SYM. In 10 dimensions the minimal spinor is
Majorana-Weyl, i.e out of 32 complex components of Dirac spinor, 16 real compo-
nents remains. At on shell we loose half the components, left with 8 real fermionic
degrees of freedom. This matches with 10 — 2 = 8 physical degrees of freedom of
vector field. Therefore the field of N' = 1 super Yang Mills in 10 dimensions are the

vector Ayr, M =0, ....9, and the spinor ¢, 7 = 1, ...16, satisfying

Tu =9 ; ¢ =v¢"Co, (1.2.29)

where I'1; is the product of gamma matrices given by I'y; = TT''I2..T9. The

action is given by
1 1—
S10d,N=1SYM = /lexTr [_ZFMNFMN — §>\FMDM A (1.2.30)

We consider dimensional reduction of the theory from 10 to 4 dimension, as the

dimension of D3 brane is. First the I" matrices are being decomposed as
Ly = (HOL5®9m),ie Ty =7QI, T'n=v%®vm , 't =57, (1.2.31)
The 10 dimensional Majorana conjugate in 4 dimensional notation is given by

Yy =070y @ Cs, (1.2.32)

where C), is the charge conjugation matrix in respective dimension. Then 10-dimensional
Weyl condition restricts the 10-dimensional spinors to decompose into four 4-dimensional

spinors Y = 4, @ = 1,..4. The 10 dimensional vector A,; decomposes 4-
15



dimensional vector A, and six scalars ¢,,, m = 1,...6. Finally the 10 dimensional

action reduces to 4 dimensional N = 4 SYM

1 1— -1 g
SagN=asym = (—2) /d%Tr[—ZFWFW — §¢¢”Y“DMW _ §Du¢ijD“¢”

92

- gﬁi[%’, W] — 2 (i, [0V, M)

1 1— o1
— () [ @ (R P~ S0P Dbt~ S Dy DO

W

— 90 1n, W1y — T [0ms Sull™ 6] (1.2.33)

where ¢ = ¢ and Dy = 9y, + g[A,,]. The N' = 4 SYM has SO(6) global
symmetry which is known as R symmetry. The spinor 1’ are in spinor representation

of SO(6).

We consider D3 branes in type I1IB superstring theory. Clearly there are 6 scalars
and gauge field in the worldvolume together with fermions that fills supersymmetric
multiplet. We have six scalars that have six on-shell degrees of freedom, and one
4-dimensional gauge field with two on-shell degrees of freedom, for a total of eight
bosonic on-shell degrees of freedom. On the other hand, a minimal 4-dimensional
fermion has two on-shell degrees of freedom. This implies for a supersymmetric
theory we need to have four fermions ¢/, I = 1, ...4., all fields are in adjoint repre-
sentation of U(N) gauge group (as we saw due to Chan Paton factors). So the total
field content is A2, ¢*4, 174 that precisely matches with A" = 4 SYM theory in four
dimension. We can also find explicitly that the D3-brane action is invariant under
four supersymmetries in four dimensions, i.e. 16 supercharges, which corresponds
to half of the total supercharges of type IIB superstring theory. For D3 branes we

must have the supersymmetry conditions
T e =, (1.2.34)

where € is the supersymmetry parameter. This halves their number of components
16



from the 32 of the type 1IB theory in ten dimensions. Then we must have that the

quadratic action on N D3-branes is in fact V' = 4 SYM.

1.3 Introduction to AdS/CFT correspondence

AdS/CFT correspondence relates type IIB theory on five dimensional Anti de Sitter
space to Super Yang Mills in four dimension, which is a conformal field theory. In
this section we will briefly review the argument that leads to conjecture of such cor-
respondence. A first look into this correspondence shows that the isometry group
of AdSs is SO(4,2) which matches with the symmetry group of 4-dimensional con-
formal field theories which arises from the theory of N' = 4 SYM living on the
boundary of AdSs. On the otherhand the isometry group of S° is SO(6) ~ SU(4)
which is same as that of R symmetry group of N' =4 SYM.

Before reviewing the argument of the duality in details, let us introduce Anti de Sit-
ter space and conformal group in the following two subsections. Then we will move

to the correspondence.

1.3.1 The Anti De Sitter space

Anti de Sitter space plays an important role in the AdS/CFT correspondence and
therefore we describe Anti de Sitter space in this subsection. The p+2 dimensional

Anti De Sitter (AdS,12) space is given by the hyperboloid
p+1
Xg+ X2, - ZXQ L?, (1.3.1)
in the flat p+3 dimensional space. The space is described by the metric

p+1
ds® = —dX2 —dX2.5+ Z dx?. (1.3.2)

17



In addition to the global parameterization of AdS(1.3.1,1.3.2), there is another set

of coordinates (u,t,Z,0 < u,Z € RP), defined as

1
X0 = (LI - 1) Xy = Lut
X' = Lua', (i=1,.p)
1
P+l ﬂ(l—UZ(LQ—f2+t2))' (1.3.3)

These coordinates cover one half of the hyperboloid given in (1.3.1). Substituting

this in(1.3.2), we obtain another form of AdS metric
2 2 du? 2 2 =2
ds® = L | — +u”(=dt" +d77) | . (1.3.4)
u

The isometry group of (d+1)-dimensional AdS space is SO(d, 2).

1.3.2 Conformal Group

The correspondence relates string theory on Anti de Sitter space with conformal
field theory on the boundary. Conformal field theories are the usual field theories
with conformal symmetry, which attributes additional structure to them. The group
associated with conformal symmetry is called conformal group. Conformal group
is the group of transformation of space time which preserves the metric upto an

arbitrary factor

gur (@) = QP (2) g (). (1.3.5)

The conformal group of the Minkowski space is generated by two transformations:
1. Scale transformation

xt — At (1.3.6)
2.Special conformal transformation .

M + atx?
ot — ) 1.3.7
| + 22Ya, + a2x? ( )

18




We denote generator of these transformation as
M, for Lorentz transformation,

P, :for Translation,

D : for Scaling transformation,

K ,:for Special conformal transformation.

They satisfy conformal algebra

[MW, Pp] = _i(nuppv - 77upPu>§ [Muua Kp] = _i(nupKu - nupKu)Q
(M, Myo] = —inu,Mye £ (Permutations); [M,,, D] =0; [D,K,| =iK;

[Da P,u] ’y _iPM§ [Pua Kl/] = QiMuu - QinuyD (1.3.8)

with all other commutators vanishing. This algebra is isomorphic to the algebra of
SO(d, 2) and can be put in the standard form of SO(d, 2) algebra with generators .J,

by defining

1 1
Juw = Myws Jua = 5 (K = P Jygarn) = 5(Ku+ P)i Jasnya =D (1.3.9)

1.3.3 AdS CFT correspondence

Here we will review the argument connecting type IIB string theory compactified
on AdSs x S5 to N = 4 Super Yang Mills theory following [98]. We will start our
description from string theory side. Consider a system of N parallel D3 branes. The
D3 branes are extended along a (3 + 1) dimensional plane in (9 + 1) dimensional
spacetime. String theory in this background posses two types of perturbative exci-
tations, closed string and open strings. Closed strings are excitations of 10 dimen-
sional space whereas open strings ends on D brane and describe the excitations of
D brane. If we consider the system at energy lower than string scale 1/, then only

massless states will be excited. The field content of closed strings massless states
19



is gravity supermultiplet in ten dimensions. The low energy effective Lagrangian
corresponds to this gravity supermultiplet is type 1IB supergravity. The open string
massless states gives an N/ = 4 vector supermultiplet in four dimensional world
volume of D3 brane where the low energy effective Lagrangian is that of N' = 4
U(N) Super Yang Mills theory [101, 102], [104]. The complete effective action of

the massless modes consists of three parts

1. Bulk action: This represents the formal action of ten dimensional supergravity

and its correction with higher derivative terms

2. Brane action : This is the brane action on 3+1 dimensional D3 brane world
volume and describes N' = 4 Super Yang Mills theory with higher derivative cor-

rection

3. Interaction Lagrangian: The action represents the interaction between the

brane modes and bulk modes

Let us observe the complete theory in the limit, string length scale I; — 0(a/ —
0), while all the other dimensionless parameters namely string coupling constant g
and the number of D3 branes are fixed. In this limit we also have gravitational cou-
pling constant x ~ gsa’> — 0. So the interaction Lagrangian relating the bulk and
brane vanishes. Also all the higher derivative terms in the brane action vanish (since
these terms are getting o’ correction), leaving just V' = 4 U(N) gauge theory in 3+1
dimensional brane worldvolume, which is known to be a conformal field theory, as
we mentioned. Since the interaction Lagrangian vanishes, the supergravity theory in
the bulk becomes free. We see that in this low energy limit we have two decoupled

systems : free gravity in the bulk and the four dimensional gauge theory.

Here we study the same system from a different point of view. We have men-
tioned in the section 1.2.2 that the D branes are massive charged object which act as
a source of various supergravity fields. D3 brane solution of supergravity is given

by [113]
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3
ds® = g_%(—ahf2 + Z dz?) + g%(dr2 +72dS?),
i=1
3
Fs = (1 + #)dtdg™" | [ das
i=1
L4 4 2
g=1+ e L* =4mgsa”N (1.3.10)

where dS? is the metric over five dimensional sphere. In this geometry, the energy
E, of an object measured by an observer at constant position r, and the energy E

measured by an observer at r — oo are related by the redshift factor

E=giE,. (1.3.11)

The above relation implies that the same object brought closer and closer tor = 0
would appear to have lower and lower energy for the observer sitting at » — oco. Let
us consider the theory at low energy limit in the background described by (1.3.10).
Standing at infinity an observer’s observation is directed on the existence of two
types of low energy excitation:

1. Massless particle propagating in the bulk with wavelength very large ,

2.0ne can have the kind of excitation, that one can bring closer and closer to r = 0.

This two types of excitations decouple from each other in the low energy limit.

The bulk massless particles get decoupled from the near horizon region (around
r = 0) because the low energy absorption cross section goes like o = w3L® where w
denotes energy. Similarly, the excitations that live very close to r = 0 find it harder
and harder to climb the gravitational potential and escape to the asymptotic region.
So the low energy theory described in the above geometry (1.3.10) consists of two
decoupled parts, one is free bulk supergravity and the second is the near horizon

region of the geometry. In the near horizon region, r << L, we can approximate
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4 4 . . . .
g=1+ {1—4 ~ {1—4 , and the near horizon geometry is given by the metric

ds? = Z—Z(—d{“ + 23: dz?) + LQi—f + L2d0? (1.3.12)
i=1
From (1.3.4) we can identify that this is the geometry of AdS5 x S°. We see that both
from the viewpoint of a field theory of open strings living on the brane, and from the
viewpoint of the supergravity description of closed string massless spectra, we have
two decoupled theories in the low-energy limit. In both cases we have one of the
decoupled systems is supergravity in flat space. So, it is natural to identify the sec-
ond system which appears in both descriptions. Practically this leads to guess that

N = 4 Super Yang Mills theory in 341 dimension is in one to one correspondence

with type IIB superstring theory on AdS5 x S° [1] .

We will now make the conjecture more precise relating the field theory on the
boundary of the AdS space and gravity in the bulk. Let us consider ¢ be the scalar
field on AdSgy1, coupled to gravity. Let ¢, be the boundary value of ¢ on the
boundary of AdS;, ;. We will also assume that ¢, should be considered to couple to
a conformal field O, on the boundary through the coupling | 5, ©o0- This assump-
tion naturally appears in the AdS/CFT correspondence in the interactions of fields
with branes. We would like to compute correlation function (O(x1)O(x3)....0(xy))
for distinct points x1,x2, ....... x,, on the boundary of AdS;.,. Let Zg(¢,) be the
gravity partition function on AdS;,; computed with the boundary condition that ¢
approaches a given function ¢, at infinity. In the approximation of classical gravity,
one computes Zg(¢p) by simply extending ¢ over the boundary of AdS;.; with the
given boundary value where ¢ is the solution of the classical gravity equations, and

then writing

ZS<¢0) = eXp(_Is((b)) ) (1.3.13)

where [ is the classical gravity action. On the otherhand one would like to define the
generating functional (exp( . s, Po0))crr (the expectation value of the exponential

described here in the conformal field theory on the boundary of AdS;,; ). Our
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ansatz for the precise relation of conformal field theory on the boundary to AdS

space is that

(exp( g $00))crr = Z5(¢0) (1.3.14)

Hence one can compute n-point correlation function

an
= Boalar) () 5

o). (1.3.15)

1.3.4 Gravity theory for non-zero temperature

Since we will be applying AdS/CFT correspondence in the case of strongly corre-
lated systems at finite temperature it is relevant to explain briefly how the tempera-
ture appears on the gravity side. In order to understand the concept of temperature in
the theory of gravity we need to consider a general version of AdS/CFT correspon-
dence. The version of the correspondence that we will use asserts that conformal
field theory on an n-manifold M is to be studied by summing over contributions of
Einstein manifolds B of dimension n + 1. The correspondence is saying the field
theory on n-manifold must have a gravity dual on B. On the field theory side one
can achieve finite temperature by putting the theory on M,, = S}g x Ap—1 where
Euclidean time circle Sé has period g = 1/T where T is identified with temperature
and A, is the spatial manifold. The dual spacetime should have a natural thermal
interpretation. It is a well-known fact that if we go back to the seminal works of
Bekenstein and Hawking [105, 106], we can see from there that black hole space-
times with non-degenerate event horizons exhibit features associated with thermal
physics. This leads one to expect that black hole spacetimes can play a role in de-
scribing the dual of a finite temperature field theory. So we understand that in order
to have a finite temperature condensed matter theory on M, we need to consider a

black hole in B on the gravity side.

To summarise, in this chapter we have reviewed the essential conjecture of

AdS/CFT correspondence. In the following chapters we will be considering ap-
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plication of this correspondence to explore various aspects of strongly correlated
systems in condensed matter. In particular we will be concerned with undestanding
different behaviours and properties of the superconductors using holographic tech-
niques. Since those are finite temperature systems, on the gravity side we will be
considering black hole solutions as the background.

In the next chapter we will briefly review some of the relevant aspects of holo-
graphic superconductors which will be necessary for describing the works in the

following chapters.

24



Chapter 2

Introduction to holographic

superconductor

In this section we will review holographic superconductor following [6, 11, 16, 20,
25,26,74,76]. We have mentioned, Gauge/gravity duality has been proved to be
an efficient tool to compute various aspects of strongly coupled systems in terms
of weakly coupled gravity theory. Here we will discuss how this new tool comes
into play for understanding high temperature superconductor. We will begin with a
brief description of superconductor in condensed matter theory. Such systems can
be realized on a boundary theory by using appropriate gravity model in the bulk.
We review the simplest gravity model to realize the superconductor using AdS/CFT
correspondence. We also describe various types of holographic superconductors

namely s wave, p wave. d wave etc. within this set up.

Due to the fact that radial variable corresponds to energy scale in a gauge/gravity
duality makes the latter natural arena for addressing renormalization group flow. We
will mention about renormalization group flow in QFT and briefly describe how it
is realized in gravity theory using AdS/CFT correspondence, which is called holo-
graphic RG flow. In order to demonstrate this, we will also consider one particular

gravity model [51] and describe the realization of holographic RG flow.

Another interesting properties of superconductors are their transport properties.
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Some of its phases exhibit anomalous behaviour so far transport properties are con-
cerned. Towards the end of this chapter we will briefly review the essential tech-

niques for studying direct conductivity of holographic superconductors.

2.1 Superconductivity

It was found that many materials, in particular metals, shows zero electrical resis-
tivity below a certain critical temperature 7, and was termed as superconductors.
Eventually it turns out their magnetic properties are quite different in the sense that
they show perfect diamagnetism by expelling magnetic fields, a feature known as
Meissner effect, which does not follow from zero resistivity. A phenomenological
description was given by London et. al. showing decay of magnetic field inside a
superconductor.

Later, Landau and Ginzberg proposed an effective theory and described super-
conductivity in terms of a second order phase transition. They introduced an order
parameter which is a complex scalar field ¢ [108] related to density of supercon-
|2

ducting electrons n through n = |¢(z)|*. The expression of free energy in terms of

¢ can be written as [6]
2 b
F =a(T - T,)|9| +§!¢\ + . (2.1.1)

where a and b are positive constants and the above series is continued to gradient
and higher powers of ¢. Because of the structure of the free energy it gives rise to
spontaneous symmetry breaking as for 7' > T, the minimum of the free energy lies
at ¢ = 0 while for 7' < T, the minimum is at nonzero value of ¢, which is given by

Dxs
6u? = (1. = 7). (2.1.2)

A more complete theory of superconductivity was given by Bardeen, Cooper

and Schrieffer in 1957 and is known as BCS theory [109]. They showed that in-
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teractions of electrons with phonons can cause pairs of elections which are having
opposite spins to bind and form a charged boson called a Cooper pair. Below a criti-
cal temperature 7, there is a second order phase transition and these bosons(cooper
pair) condense. Consequently DC conductivity turns out to be infinite to form a
superconductor.

Subsequently various other materials were discovered to have superconductiv-
ity with higher crtical temperatures. They are cuprates (showing superconductivity
along copper oxide planes), mercury-barium-copper oxide compounds. Another
class of superconductors were discovered, which are based on irons instead of cop-
pers. Itis believed that for these high 7, superconductors, pair formation of electrons
are responsible for superconductivity. However, the essential mechanism turns out
to be due to strong coupling and differs from that of BCS. Within the regime of con-
densed matter not many tools are available to study such strongly coupled system.
Fortunately, Gauge/Gravity provides new machinery to analyse strongly coupled
field theories. In particular, this can be employed to explore transport properties
of strongly coupled systems. As discussed below, we will see simple gravitational

theories can reproduce superconductors and capture various features of them.

2.2 Gravitational dual of superconductor

As mentioned earlier, gravitational duals of finite temperature, finite density con-
densed matter systems are charged black holes. Black holes have temperature re-
lated to its surface gravity. In order to make use of the correspondence we look for
black holes with asymptotically AdS spacetime. Asymptotically AdS black holes

have positive specific heat like nongravitational systems.

The superconducting phases are usually characterised by condensate and this is
realized on gravity side through condensation of some fields coupled to gravity. A
nonzero condensate corresponds to a static nonzero field outside a black hole called

black hole hair. Usually black holes do not admit hair though there are exceptions.
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In superconducting materials, superconductivity arises below a critical temperature.
In the dual gravitational model, this phenomena is represented through the fact that
black holes does not admit hair at high temperatures. However, as temperature is
lowered it shows instability towards formation of hair and thus gives to condensates.
Gubser [10] and others showed that a charged black hole which is surrounded by a
charged scalar field around it bears the desired property [68]. We will review the
simplest holographic superconductor following [6]. The necessary action is given

by gravity theory coupled to U(1) gauge field and complex scalar field,

4
+ ieBM(V * — V) — m?| 0|2 (2.2.1)

6 1
S = /d4x\/—g[R+ 73 = 7 Fw " = IVU|? — 2 B?| 0|2

Here charged scalar field ¥ has mass m and charge e. F,, = 9,8, — 0,5, where
B, is the U(1) gauge field. In this perspective the theory has been considered in
the probe limit in which back reaction of the matter field has been ignored on the
geometry. Consequently we consider a planar Schwarzschild anti-de Sitter black
hole solution as the background geometry in four dimension. The metric and the

temperature are as follows:

d 2
ds> = —g(r)dt® + ?7;) + 2 (da® + dy?), (22.2)
T2 7"2
g(r) = ﬁ(l — 7‘_3) 7 (2.2.3)

where the horizon size r, determines Hawking temperature of the black hole

3r,

-2 (2.2.4)

In the probe approximation considering the metric to be given by (2.2.2,2.2.3) we

solve the Maxwell and scalar equations in this background. Assuming spherically
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symmetric time independent ansatz for the scalar and the gauge fields,

v =(r) ; By = ¢(r), (2.2.5)

with B, = B, = B, = 0 we substitute these in equations of motion. From
Maxwell”s equation it turns out that the phase of ¢» must be constant and with-
out loss of generality we take 1) to be real. With this choice, the equations for the

scalar field and Maxwell’s equation lead to following set of coupled equations

/ 2 2 m2
w”+»(i+—>w+iw——~¢=o
g T g g
2 292
o+ 2¢ -4y, (2.2.6)
r g
As one may observe, ‘g—zw is coming in the opposite sign of m? term in (2.2.6), which
provides an effective negative mass-square term to the scalar field ¢) causing scalar
hair to form at low temperature. We will consider the mass-square m? = —%,

which is above BF bound, where the BF bound mQB  in four dimension is given by

my e = — 3= [110] .

Solving the set of differential equations given in (2.2.6) require boundary condi-
tions. For the boundary at horizon, we consider the gauge field B; = ¢(r) vanishes
at horizon because of the following argument [6]. In order to describe thermal prop-
erties of the black hole, we should use the Euclidean solution. Note that the Wilson
loop of U(1) gauge field B; around the Euclidean time circle is gauge invariant and
finite. If B; does not vanish at horizon, the Wilson loop remains nonzero around a
vanishing circle which means that the Maxwell field is singular. So we see that U (1)

gauge field must vanish at the horizon in the case of a static black hole.

For the asymptotic boundary at infinity, we expect

6 = u—Ly.. (2.2.7)



Here we will proceed with the boundary condition W(1) = 0.

Once we impose the above asymptotic boundary condition, we obtain a one pa-
rameter family of solutions, which one can find numerically [11]. We can see from
(2.2.6) that ¢ is a monotonic function. It starts with the value zero at horizon and
at any local maximum we have ¢” = ¢. So it can neither have a positive maximum
nor a negative minimum. If it starts with increasing mode away from the horizon, it
continues to increase and it asymptotically approaches the constant value p as given
in (2.2.7). We also note that for ¢)(r), there is discrete infinite family of solutions.

These solutions may not need to be monotonic.

Since we are considering the gravity theory in four dimension the dual theory
is a 2+1 dimensional conformal field theory (CFT) at the temperature T (2.2.4).
Properties of the dual field theory can be read off from the asymptotic behaviour of
the solution of the bulk equations of motion. The asymptotic behaviour (2.2.7 ) of ¢

gives the chemical potential ;2 and charge density p of the field theory.

The dual theory must have an operator which is charged under the U(1) and dual
to 1. As the scalar mass term close to BF bound has been chosen it has been as-
summed on the existence of two possible operators depending on how we quantize
the theory in the bulk [111] . If we define the modes with the standard boundary
condition (faster falloff) for ¢ in the bulk(i.e nonzero U(1)), the dual operator has
dimension two. In this context, it is assumed that there exist a nonzero ¥(1) which
indicates that there is a source for this operator in the CFT and the nonzero expecta-

tion value of the dual operator Os is indicated by nonzero ¥(?)

Oy = U2 (2.2.8)

Since here we want the condensate to turn on without being sourced, we set U'(1) =
0. It is to be mentioned that there is a possibility of existence of alternative quanti-
zation of ¢ in the bulk. In that case interchange of role of ¥(}) and ¥(?) can be done.

It is now established that v/ is now considered to be dual to a dimension one oper-
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ator. This condition can be studied considering the boundary condition remaining

() = . In that case the consideration will be made for the first case only.

In order to check superconductivity we need to know how the condensate O,
in (2.2.8), behave with temperature T in (2.2.4). We also expect there exist a crit-
ical temperature T above which there will not be any condensate and this critical
temperature will coincide with superconductor transition temperature. Before that
discussion we need to present an important scaling symmetry. In any conformal
field theory on R" one can change the temperature by a simple rescaling. In the

bulk this is given by

r—ar ; (t,z,y)— (t,x,y)/a ; 1o — ar,. (2.2.9)

This leaves the form of the black hole metric (2.2.2) invariant with ¢ — a?g. Since

g'(ro)
4

the temperature is given by , so change of scaling factor a, changes the tem-
perature. One can check that Maxwell field equations are invariant with rescaling
(2.2.9) with ¢ — a¢ and v — 1, i.e ¢ is unchanged. In this perspective we are
interested to see that how the dimensionless measure of the condensate changes as
a function of a dimensionless measure of the temperature rather than discussing this
trivial dependence on temperature which simply reflects the scaling dimension. It
is convenient here that one can use the chemical potential p, to fix the scale and
VO3 /i is studied as a function of 7'/ The curve we obtain here in Figure (2.1)
is qualitatively similar to the one which is obtained from BCS theory, and observed
in many materials, where we see that the condensate rises quickly as the system is
cooled below the critical temperature and goes to a constant as 7' — 0. A square
root behaviour has been observed near 7, with Oz = 100T§ (Te — T)%. Also this is
the expected behaviour, as predicted by Landau-Ginzburg theory. Nonzero conden-
sate implies that the black hole develops a scalar hair. If the free energy of this hairy

configuration has been computed and compared to the black hole with same charge

and chemical potential but no scalar hair, it is visualized that free energy has been
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Figure 2.1: The condensate as a function of temperature

found to be always low for hairy configuration and becomes equal as 7" — T, [11].
The second order phase transition has been shown by the difference of free energies

scales as (T, — T')?

2.3 A.C. Conductivity

Here we give formalism for computing a.c. conductivity as a function of frequency.
Let us consider a scenario, where there is an alternating vector potential of frequency
w in x direction, in the context of above model ( 2.2.1). The equation of motion of
B, is given by
Bl + g—/B; + <w—j — 2—1/’2) B,=0. (2.3.1)
g g g

We are going to solve the above with ingoing boundary condition at horizon.

Asymptotically

B, =B B (2.3.2)

The gauge/gravity duality says the limit of the electric field in the bulk is the electric
field on the boundary,

E, = -BY (2.3.3)
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and the expectation value of the induced current is
J, = B (2.3.4)

From Ohm’s law we get

. (1)
Jo  Jr iy  iBy
EH T on T wnd 39

The real part of the conductivity is shown in Figure (2.2). Above the critical tem-
perature the conductivity is constant. As we start to decrease the temperature a gap
opens up at lower frequency region. There is also a delta function at the value w = 0
for all 7" < T.. One can see it from the Drude model of a conductor. Suppose
we have charge carriers with mass m, charge e, and number density n in a normal

conductor. They satisfy

dv v
— =l —m— 2.3.
mdt e mT, (2.3.6)

where in the above the last term is a damping term and 7 is the relaxation time

due to scattering. The current .J = env. So if E(t) = Ee~*" the conductivity is

kT
o(w) = T (2.3.7)
where k = %Q So
kT kwr?
Re[o] ;. Im[o] (2.3.8)

T 1+ w22 T 14wl

A more general derivation follows from the Kramers-Kronig relations. The rela-
tion actually relate the real and imaginary parts of any causal quantity, such as the

conductivity, when expressed in frequency space. One of such relation is

Imfolw]] = —P /OO Relofuldw’ (2.3.9)
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Figure 2.2: When the temperature is lowered below the level of critical temperature
a gap is formed in the real part of the conductivity. The curves describe successively
lower temperatures. There is also a delta function at w = 0. Figure is for the dimension
two condensate

It can be visualized from the above formula that if the imaginary part of the

conductivity has pole the real part of the contains a delta function. One can find

there is indeed a pole in Im[o] at w = 0 for all T’ < T..

2.4 s wave, p wave and d wave holographic supercon-

ductor

We have discussed in the earlier section that U(1) theory with charged scalar in the
background of charged black hole solution develops instability so that scalar hair
forms at low temperature. Here superconductivity is achieved by condensation of
a scalar field. This is the example of s wave superconductor, which was first con-
structed in [11]. Similar studies about vortex-like solutions [13, 14] and anisotropic

Abelian model [15] also appeared.

p wave superconductor are those materials, where superconductivity arises due
to condensation of a vector field. [16-19]. Here we briefly describe an example [16]

of holographic p wave superconductor. The gravity model is described by

S = % C, (2.4.1)
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with

6 1
L=R+ 45— Z(F;;V)Q, (2.4.2)

where

Ff, = 0,A% — 0, A% + ge"™ Ab AS (2.4.3)

Here g is SU(2) gauge field coupling constant. In an attempt to see symmetry

breaking solution first we choose the metric ansatz

2

dr
2 2 2 2 2
dS = e a(—hdt —+ dlL’l + dl’2) + % s

A = O73dt +w(rtdza! + r2da?), (2.4.4)

where 7¢ = %—: where o® is Pauli matrices. Also a, h, ®,w are function of r.
The boundary condition is obtained from the fact that electrostatic potential & must
have to vanish at the horizon in order to A to be well defined at horizon. Here
the condensate w(7'dx! + 72dx?) breaks the U(1) rotation symmetry in ! — 22
plane and also breaks U(1) gauge symmetry generated by 73, however it preserves a

combination of the two.

System of equations has a two-parameter family of black hole solutions with a

non-vanishing, condensate giving vector hair.

In order to generate the d-wave condensate in the boundary theory, we have
to have a massive, charged spin two field, condense in an asymptotically AdS;
geometry. Here by means of a massive spin 2 field in d+1 spacetime dimension
we imply that a field that transforms locally in (d + 2)(d — 1)/2 dimensional irre-
ducible representation of the little group SO(d) of the Lorentz group SO(1,d). The
Lagrangian for such field is given by [20]

L=< [~0pBu0p" + 200" — 20,00 + 0,606 — m* (¢ by — 0%)]

(2.4.5)

1
4

35



where we have ¢, = 9"¢,,, and ¢ = ¢h.

To look for a thermal state on the boundary theory in which the spin two field
presumably condenses, we need to solve the equations of motion in a black hole

background. Here we choose the black hole background to be

L2 B dz?
ds? = ) (—g(z)dt2 +di% |+ @)
2
g(z) = 1- (i> . (2.4.6)
2

The black hole horizon is located at z = z; , while the conformal boundary of
the spacetime is located at z = 0. It was shown in [20], if one keeps the chemical
potential  as constant, there exist a critical temperature below which spin two field

condenses.

2.5 Helical superconductors

So far we have discussed about superconducting systems which are homogeneous.
However instabilities in homogeneous systems may lead to inhomogeneous config-
uration such as striped phases consisting of charge density waves or spin density
waves, among others. Spatially modulated phases appear frequently in condensed
matter systems and as mentioned in the introduction, one mechanism for obtain-
ing such instabilities is to have a constant electric field in Maxwell Chern Simons
term. Since part of our work involves such spatially modulated system, namely, one
with a helical symmetry we review the essential stuff about helical system follow-
ing [25,26,76].

Helical phases, which does not have full translational symmetry but have only a
helical symmetry can be obtained by considering appropriate black hole solution in
gravity theory. Helical superconductors in the context of holography was introduced
in [25], [26], [76]. This was first obtained in a probe approximation by ignoring the

back reaction of the matter on the geometry. They begin with a D = 5 action with an
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SU(2) x U(1) gauge theory coupled with gravity along with a Chern-Simons term.
This system admits and electrically charged AdS black brane solution. Considering
linearised perturbations around such black brane in a probe approximation they have
shown that there are instabilities which gives rise to condensation of vector fields
leading to a p-wave superconducting phase with helical symmetry. For specific
values of parameters, this analysis may also be pertinent for Roman’s N = 4 gauged
supergravity.

Subsequently, a full fledged helical black hole solution has appeared. Moreover,
it was also shown that RN-AdS blck hole may decay into such configuration. The

action has been chosen to be

S—/fwﬁ?P%HQ—%%FW]—%/FAFAA. (2.5.1)

Corresponding equations of motion are given by

1 1
R,LLZ/ = _4g,ul/ -+ 5 (FHPFZE — EFQQ:U'V)

d*F—%%FAF:O. (2.5.2)

It turns out that this system admits RN-AdS black hole as well as a helical black
hole. The helical symmetry can be given as follows. For D = 5, considering
x', 22, 23 describing the transverse directions, the killing vectors associated with
the black hole are given by 0,2, 9,3 and 0,1 — p(220,s — x30,2), where p is a con-
stant (known as the pitch of the helix). They generate a helical motion consisting of
a translation in the 2! direction combined with a simultaneous rotation in (22, 23)
plane.

For the sake of completeness, we briefly mention the helical black hole solution

following from the above action (2.5.1). The ansatz was considered in [76]

d 2
ds?2 — _gfzdt2+%—l—hQ(,U%+T262a(WQ+th)2+T26_2aw§

A = adt+bwsy, (2.5.3)
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where f, g, h,, Q, a and b are functions of the radial coordinate r only. By analysing

the equations of motion we can construct the following asymptotic expansion as

g = r2(1—r—4+ ..... ),
= f0(1—%+ ..... ),
h = (1+i—Z+ )5

Ca
o = F—f— s

C

Q = Jolof+ ),
a = fo( +% )
b = (r2+ ). (2.5.4)

f = f++ P
h = hy+...,
o = ogp -+ ,

b = byt .. (2.5.5)

For v > v, where 7, = 1.1584 the equations of motion were solved numerically for
ansatz (2.5.3) with the asymptotic boundary given by (2.5.4) and the horizon given

by (2.5.5) giving rise to a black hole solution with helical symmetry.

It turns out that the stable phase of the system at high temperature is RN-AdS
black hole. As the temperature decreases at some critical temperature the preferred

phase corresponds to the helical black hole. An explicit thermodynamic analysis of
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the free energies of these two configuration confirms such transition. This helical
black hole has been found to be dual to a helical current phase of the boundary
system.

This helical black hole, or rather its near horizon geometry plays interesting role

in another related context. In [74], authors consider a model described by action

1

1
/d5x\/—g (R +12 — ZF,, F% —

; ZWabW“b—WgBaB“) —g/B/\F/\W,

(2.5.6)
where FF = dA, W = dB are field strength. One can obtain an AdSs x R? along
with a set of specific deformations as the solution of this system. The deformation
will ensure that the solution is asymptotically AdS. This solution, as has been shown
in [74] corresponds to a metallic phase.

However, as explained in [74] stability of this phase depends on the coefficients
and exponents chosen for the deformation. For certain range this is stable, while
for other ranges it may trigger instability. From the relations between the exponents
of the deformations and the weights of the dual conformal operators it appears that
the instabilities corresponds to relevant perturbations, which may lead the system to
some other stable configuration. The zero temperature infrared limit of the helical
black hole has been shown to be a possible stable configuration. It has also been

found that it corresponds to an insulating phase. Thus such flow under relevant

perturbation may be thought of as a transition from metallic to insulating phase.

2.6 Holographic renormalization group

We have seen in the previous section, there are two different configurations, which
are connected through relevant perturbations and gives rise to metal-insulator tran-
sition. This provides a set up for the application of renormalisation group. Renor-
malization group flow in quantum field theory implies flow of the parameters of the
theory with energy scale. According to AdS CFT correspondence, coupling con-

stants etc. maps to spacetime fields and the energy scale maps to radial distance of
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AdS space. From the viewpoint of gravity RG flow implies the flow of the spacetime
fields along with radial distance of AdS space. In field theory the stable systems are
described by zeros of  functions. [ functions can be obtained from an equation
involves the change of various parameters with respect to energy scale, known as
Callan Symanzik equation. In the dual gravity theory one can obtain a similar equa-
tion from the quantum effective action. Like field theory case, one can also find the
[ function. We are interested to obtain the fixed point with simultaneous zero of all
the /3 functions which describe the theory with certain vacuum field configuration

and stable spacetime geometry.

Since in our work we have used application of holographic RG flow, we will re-
view it with a model following [51] using Hamilton Jacobi formalism. In Hamilton
Jacobi formalism, one construct the Hamiltonian with the radial direction replacing
the time direction, i.e canonically conjugate momentum are defined accordingly. In
a generally diffeomorphism invariant theory Hamiltonian is identically zero. Thus
the hamiltonian gives sum over constraints. From these constraints only we will
develop gravitational Callan Symanzik equation, which is the equation for gravita-

tional quantum effective action and involves g functions.

We define our theory on a manifold M, which has boundary 3; defined at
constant r. Provided the radial coordinate r to the boundary is sufficiently large, >
is diffeomorphic to the boundary M at infinity. On such space, we start with the

action in d+1 dimensional spacetime

1 1
s = [ e VO - Rawrt Luon 9,090 + I OFL P

— 2 / dz\/gK . (2.6.1)
Xa

In order to keep this example general enough we have considered a system consist-
ing of gravity, scalar field and vector fields. We have mentioned that the flow of
the parameters along energy scale in the boundary theory corresponds to flow of the

spacetime fields along radial direction in the bulk theory. So in order to describe
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the bulk dynamics in Hamiltonian language we need to decompose bulk variables
in the component along radial direction and perpendicular to radial direction, since
the real time is replaced by radial direction in this description. We can write the d+1

dimensional metric, under ADM decomposition using Lapse and shift function as,

ds* = (N*+ g, (2, 1) NFNY)dr? + g, (v, r)dr(N*da” + NYda) + g, (x, r)datdz”
(2.6.2)
where g,,,, is the induced metric on d dimensional hypersurface ¥, := {X € Mg|r =

constant} We wrote v = dety,,, , g = detg,,

Using ADM decomposition (2.6.2), on each slice ¥ (at constant r), we define

extrinsic curvature as

1

Ky = —
224 2N<

OrGuw — VulNy —V,N,) . (2.6.3)
The covariant derivative are defined as
Vub' =V, —iALT¢) . (2.6.4)

Here V, is the covariant derivative associated with Levi-Civita connection F’,fp, con-
structed from ~y,,,,. T is the generator of the gauge group G. Since we want to im-
plement ¢ as real coupling functions so we restrict the symmetry group G to a group
which has real representation. Working in Hamiltonian formalism with r considered

as time direction the action can be rewritten in terms of decomposition (2.6.2)

S = / dzdr/g{m"" Orgp + ' Op " + TH0, ALY

1 1 1
+ N[ﬁ(ﬂ—ﬁ)2 - 71-/?LI/ - §L1J(¢)7TI7TJ - 2J(¢)

1 1
+ VI(O) = Ry + 5 L (OWV,8'V007 + 20 ()P Fuyw

h‘”ﬁrﬁwﬁ
+ NERVYm, — 7' Ve! — Fo, ]

+ ANV T —i{T %Y np]} (2.6.5)
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In Hamiltonian formalism, since the time is replaced by radial direction, so the
canonically conjugate momenta to a field is defined as derivative of Lagrangian w.r.t
the radial derivative of the field. Here canonical momentum conjugate to g, P!,

Af, respectively computed to be

OL411

7T/““/ _— = K'wj - MVK:
a(arg,uu) /
oL 1 j
I d+1 J
— _— _L r - N:U‘ a ?
m 8(&«¢1) N IJ(¢)<V ) \ W)
—an OLgy1 1 J(¢)[N2gH Fa, — NY(N2gPH + NPNH)F2 ] .(2.6.6)

0(9,Az) — N3

Since N, N* A, are auxiliary field in (2.6.5), their equation of motion gives first

class constraint

1 98 1 1 1

S w2 _ 2 _ uv,_a,._a
H \/g(&)‘N d— l(ﬂ-u) Y 2LIJ(¢)7TI7TJ 2J(¢)g uw''y
1 1
+ V(9) = Ra+ 5 Lis(0)g" Vo' Voo + 2 J(0)F, F =0,
1 oS v I a ,._av
PN = ﬁm:2v 7T/U/_7T]vu¢ —FMV’]T :0,
1
G* = 05 _ Vi, m —i(T) = 0. (2.6.7)

V5

In the above, first two are Hamiltonian and momentum constraint respectively
while third one is the Gauss’s law constraint due to Gauge symmetry. Alternatively,

from (2.6.5) we can write

H = / dz\/g [{7" Opguw + 7' OrT + 70, A%} — L]

= / d%z [NH + NPP, + ASGY] . (2.6.8)

So from (2.6.7) we see that the Hamiltonian H is expressed as sum over constraints.
From this constraint equations we are going to develop gravitational Callan Symanzik

equation. Let us say we find the solution of equation of motion with the above con-
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straints (2.6.7) under a Dirichlet boundary condition at = r, which is given by

Gz, r =70) = gu(x) 5 Au(w,r =10) = Ay(2) 5 @ (2,7 =710) = ¢l (2). (2.6.9)

Here the bulk fields with a bar means on-shell. Substituting the classical solution to
the action, from (2.6.5) it follows that on-shell action as a functional of the boundary

values

Slguw (@), &' (x), ); 7o) / déx / WW(?TEW—I—ﬁj aral—kﬁﬂaaTZZ} '
(2.6.10)

Following the standard procedure in the Hamilton-Jacobi formalism, it is checked
that the variation of the on-shell action(2.6.10) under the boundary values at the lo-

cation of X is given by

0S[gw (), 8" (), Au(w);mo] = /ddx\/ﬁ{f“”(xﬁo)égw(m)+71(:E,To)5¢l(ﬂf)
+ 72,7 5A% (2)} (2.6.11)

We then obtain the canonically conjugate momenta for every field as the functional

derivative of the on shell action w.r.t the field

ey - LB 1S 188

Tl T S ) T T T g sl ) TN T T g6k ()
05 =0. (2.6.12)
5r0

We now focus on Hamiltonian constraint (first equation of (2.6.7)), which reflects
the invariance under radial diffeomorphism, i.e invariance of the action under local
shift » — r + dr(z). In this constraint, we insert the expression of canonically

conjugate momentum with the expressions in (2.6.12). Hamiltonian constraint then
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can be expressed in the following form

H = {S,S}—Ly=0
=

{S,S} =Ly, (2.6.13)
where
2 2 2
B 1 1 oS oS 1 77,,,05 &S
15,5} = <\/§> | d—1 (EJW(SQW) ’ (59W) * 2L (@) ol d¢7
1 0S8 68
+ 2J(¢)g’“'5AZ 5Ag]’ (2.6.14)

and L, is the Lagrangian reduced to d dimension and is given by

1 1
La=V(0) = R+ 5L1s(0)V"'¢' V6" + 20 (0) F, P (2.6.15)
Here
Vo' = Vo' —iAL(T¢)", (2.6.16)

where V, denotes the covariant derivative, which is associated with Levi-Civita con-
nection I';,, constructed from boundary metric g,,,,. The above equation (2.6.13) is
identified as RG flow equation. It was shown that [S1] momentum constraint and the
Gausss law constraint ensures d-dimensional transverse diffeomorphism invariance
and gauge invariance of the on-shell action, respectively. Following [54](see [53]

ATo (where

for review), we consider the fact that, at the energy scale of cut off . ~ e
A 1s characteristic constant) the action is non local. But at the energy scale p << pic,
a part of the action S can be represented as local action. So in that case the action S

can be decomposed as local and non local part in the following way

o Slg(x), 6(x), A(@)] = 55— Siaelg(x), 6(z), ()] + Tlg(e),6(0), ()],
d+1 d+1

(2.6.17)
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where S, can have further derivative decomposition

Lic= > [Liochs, (2.6.18)

where number of derivatives is denoted by w with

[EIOC]O = W(¢)

[Liocl2 = —‘I’(¢)Rd+%MIJ(¢)V“(¢I)VM¢I. (2.6.19)

We call the terms W (¢), ®(¢), M1;(¢) as potentials. We also define

Sloc;w—d = /ddx\/mﬁloc‘w- (2.6.20)

I'[g(z), ¢(x), A(z)] is the quantum effective action, contains higher derivative terms
and the non local part. Inserting (2.6.17) into the flow equation (2.6.13), we see that
the flow equation is being decomposed into couple of equations, each is identified

with certain derivative number (or weight) given as supescripts as following

{5050} — 0 =0,

loc’ ~loc
0) o2 L@ _
{Sloc’ Sloc } - §£d =0 s
4 L (a2 o2 I (4
{Sl(oc)’ F} T3 {Sl(oc)’ Sl(oc)} - 5551 ' =0. (2.6.21)

Here first equation in (2.6.21) is defined with total weight O both side, second
equation is weight 2 and so on. However we are still left with the task, that, we have

to assign some weight to each component of S, to get certain total weight . For

r.h.s of (2.6.21), we write

£ = yavie)

1
Ly = \@{_R(d) + §L1J(¢)V”¢IVM¢J} ) (2.6:22)
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and so on.
In order to completely identify the equations with different total weight w in
(2.6.18 ,2.6.21), we next assign an additive number called weight to each ingredient

of the action as in a table below, following [51] -

elements and weight

elements weight
guv(z),01(X), T'lg, 0,4 0
O, AZ(w) 1
Ra R,ullv RMVpO’a 62 2
)
0Af () d-1
e d .

Oguv (2)’ 60" (2)

We find for weight w = 0, flow equation is given by (first equation of (2.6.21) ).

1
4(d—1)

W2(6) + 5 LM (@)W ()2, (9) (2.6.23)

V(o) = -

Similarly one can write the flow equation for w = 2 and so on. For w = d with

d is the boundary dimension, we obtain the flow equation as

2k5 W (¢) 2 o0 2r7,, or
T g —— — L —

Q(d _ 1) \/ggli 5gl“/ \/§ IJ(¢)81W<¢) 5¢J
2K?[+1 5510(:;27d or

T a9 s As Ag | Slocs Siactla- (2.6.24)

Lala =

The above (2.6.24) can be rewritten in the form of Callan Symanzik equation

after some rearran gement

ST 2d—1) ;5. 00 2d—1)1 1 6Se2_a O
S o Ll ¥ B T L0y, S Y TR T
1 2(d—1)
= - ) 2.6.2
2534_1 W \/g([‘cd]d [{SIOCaSIOC}]d) ( 6 5)

To conclude this section we mention that here we have followed Hamilton Jacobi
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formalism to develop RG flow equation in the context of gravity theory. Decompos-
ing the on shell action into a local part and quantum effective action, we developed
the gravitational Callan Symanzik equation. From this one can obtain S-function
which in turn provides the fixed points of the theory that corresponds to the stable
configurations. In chapter 5 we are going to apply the same formalism for our pro-
posed gravity model, develop Callan Symanzik equation, identify the 3 function and

find the fixed points and consider possible transitions.

2.7 DC Conductivity

So far we have restricted our study of different phases of holographic superconduc-
tors. Another interesting features of the condensed matter systems that we will be
discussing are the transport properties. Conventional Fermi liquid theory describe
systems using weakly interacting “quasi-particles” and turns out to be quite success-
ful for all metals and semiconductors till 80’s. However, afterwards new materials
were discovered whose properties deviate substantially from the prediction of Fermi
liquid theory. Heavy Fermion superconductors, cuprate high T, superconductors do
not have quasi-particle descriptions and with regards to transport properties cuprate
materials shows linear temperature dependence of resistivity, p ~ T, 0 ~ %,
which is different from what follows from Fermi liquid theory, p ~ 72. This re-
mains a challenge to understand such behaviour of strongly coupled regime using

holographic methods.

It has been suggested in [100] that hyperscaling violating geometries may be
the appropriate set up to look for such phenomena. One can further generalize this
to hyperscaling violating Lifshitz geometries. As mentioned earlier, such geome-
tries are characterised by two parameters z and 6, corresponding to Lifshitz scaling
and the hyperscaling violation respectively. The reason for considering asymptot-
ically Lifshitz spacetime is as follows. The canonical holographic techniques are

described for asymptotically Anti de-Sitter spacetime. The symmetries of the Anti
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de-Sitter space implies the theories at the boundary are characterised by relativis-
tic invariance. However, there are condensed matter systems, which instead shows
anisotropic scaling symmetry along spatial and temporal directions and those can-
not be addressed using a gravity theory with asymptotic AdS spacetime. Soon it
was realized that the holographic techniques can be generalised to other asymp-
totic spacetimes as well [78—85]. In particular, for systems with anisotropic scaling,
asymptotically Lifshitz spacetimes turns out to be the pertinent set up on the gravity
side. There was a surge of activities, that asymptotically Lifshitz theories charac-
terised by hyperscaling violation [86-90]. A four dimensional Einstein-Maxwell-
Axion-Dilaton theory with two U(1) gauge fields, usually give rise to solutions with
such features. One gauge field is required to introduce Lifshitz like behaviour, while

the other plays the role of electromagnetic field.

One standard method to study the transport properties is to slightly perturb the
system from equillibrium, like turning on electric field, thermal gradient and evalu-
ate the response of the system like thermal conductivity, electrical conductivity etc.
If we turn on electric field E, thermal gradient V7', the electric current J and heat

current Q are given by

Q = K(VT)+ToE,

~— a(VT)+0E, (2.7.1)

where T is the temperature, () is the heat current, K is the thermal conductivity,
a 1s thermoelectric conductivity. Using holographic techniques one can compute
all these coefficients. The basic principle for such computation is as follows. Let
the boundary action is perturbed by S = S, + [ d?2J (2)a0q(x) , where J(z), is
the source, which is small perturbation here and O,(x) is the dual operator on the

boundary. Then Kubo’s formula implies

(Ou(z)) = / YGE (2, 9) To(y) 27.2)
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where

Gy, y) = 0(x” = y*)([Oa(), Op(y)]) - (2.7.3)
Fourier transform
GE(k) = / FEVGE (1), (2.7.4)
with
GE(k) = lim rﬂﬁ_d)%\%_o. (2.7.5)

Then using Kubo formula we obtain the relevant transport coefficients from retarded
Green function. The expression of retarded Greens function can be evaluated by

using the dual gravity model in holographic set up.

In general the gravity dual theories are characterised by translational invariance.
However, in order to study direct conductivity we need to break the translational
invariance, so that momentum conservation is not maintained. In actual condensed
matter systems, in presence of an electric field, electrons undergo scattering with
1onic lattices and thus dissipating the momentum giving rise to constant direct cur-
rent. Therefore, in holographic set up, one needs to incorporate mechanism for such
momentum dissipation. In literature, it may be realised in a varieties of way, such as
choosing periodically varying chemical potential or neutral scalar field etc. One can
also introduce additional neutral scalar, termed as axion and choose it to be to be
linear in space coordinates to realise momentum dissipation [91-93]. In our work

we have used this last mechanism.

Perhaps the simplest technique to evalaute transport coefficients is in terms of
the horizon data. This method was discussed in [94, 114, 115], which makes use of
the fact that certain quantities does not depend on radial coordinate and so they can
be evaluated at horizon as well. The advantage lies in the fact that one need not have
to consider the full solution. Though this is very efficient there are a few shortcom-
ings of this approach. Since it is entirely focused on near horizon analysis it does
not make any contact to the observables in the boundary theory. The other issue

is regarding boundary condition. In general one can impose Dirichlet or Neumann
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boundary conditions or a mixture of them. In that sense there exists a multitude of
boundary condition that may be chosen to compute the transport coefficients. How-
ever, in the near horizon approach one is restricted to a specific boundary condition
(Dirichlet) only.

There is another approach, which is more suitable for identifying the boundary
obserbales and incorporating general boundary conditions. In this approach, one
considers linear fluctuations around the solutions and from their equation of motion
one can obtain the asymptotic behaviour of physical quantites that enable one to
identify the physical observable at the boundary directly. This approach also allows
one to incorporate different boundary conditions. However, the expressions often
diverge at boundary, which calls for introduction of appropriate counterterms. We

have followed the second approach in our work.
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Chapter 3

Phases of holographic helical

superconductor

3.1 Introduction

Superconductors have been realized holographically in numerous models. In par-
ticular, we have already discussed s-wave superconductors, which corresponds to
condensation of scalar operator [11,12]. There are vortex like solutions [13,14] and
anisotropic Abelian model [15]. We have p-wave holographic superconductors with
charged vector fields [16—18] and alternatively charged two-forms [19] and d-wave
holographic superconductors which corresponds to condensation of massive spin-

two fields [20]. More relevant works in these contexts have appeared in [25-34].

In this chapter we will consider a specific gravity model. As we mentioned in
the introduction, we are motivated by transition between metallic phase and a non-
magnetic phase studied in [74]. In view of that we consider a model with gravity
coupled to SU(2) x U(1) gauge theory with the scalar field in the adjoint represen-
tation in the presence of Chern Simons term. As it transpires, this model has a quite
rich and complex phase structure. We will see this model leads to holographic super-
conductor, with spatial modulation. Earlier it has been shown that considering only

vector field in a linearised perturbation [21-26], leads to p-wave superconducting
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phase, with helical symmetry. The Chern Simons term can cause condensation of
SU(2) gauge field yielding inhomogenous superconductor. Since AdS space allows
negative m? term, it induces instability of RN AdS black hole background towards
condensation of scalar field as well. We will analyse how different superconducting

phases are realised in this model and study their coexistence and competition.

It may be noted that the present model without the matter field can be incorpo-
rated in SU(2) x U(1) gauged supergravity theory. Such supergravity theory may
arise as a consistent Kaluza Klein truncation of Type IIB supergravity on an S5 [37]
. In that case instability gives rise to onset of p-wave superconductor, that preserves
the U(1) symmetry but breaks the SU(2) symmetry, reminiscent of what is seen in
spiral spin density waves. However, it is not clear how to incorporate it in the string

theoretic framework in presence of the matter field.

Here is a brief structure of this chapter. In section 3.1, we have discussed the
model. Here we introduce probe approximation and write down the ansatz. We write
down the equation of motion with the probe-metric. We also write the equations in
near horizon limit and asymptotic limit. In section 3.2 we start numerical analysis.
We redefine the field and write the equations of motion. We also write the expression
of free energy. We obtain the plot for free energy Vs temperature. In section 3.3 we
write the expression for ac conductivity. We obtain the plot for ac conductivity Vs

temperature. Finally we conclude in section 3.4.

3.2 Model

As explained in the introduction, we consider a Yang-Mills gauge theory with gauge
group SU(2) x U(1) coupled with gravity. In addition we also include a scalar field

¢ in adjoint of SU(2). The action is represented by

1 1
L=(R+12)%1—~GA* G — ~F*A* F* 4 Lpe p pap B,
2 2 2
X (3.2.1)
L = —5[(Du¢)“T(Du¢)“ +m? (16",
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where G = dB, F* = dA® — §e" A" A A and (Dy,¢)" = 9,¢" + iBy,¢* — e®° Al ¢°.
The scalar field couples to both the Yang-Mills gauge field in adjoint and the Abelian
gauge field. m represents the mass of the scalar field. v is the strength of Chern-
Simons term consisting Abelian and non-Abelian fields. For certain value of v the

action can be obtained in string theory model in absence of scalar [37].

One can construct the equations of motion (EOM) from Lagrangian. RN-AdS

black hole is one solution of EOM as given by

2

ds® = —g(r)dt* + ar” + r?[(dzh)? + (dz?)? + (d2?)?],

g(r)
4 2 4 2
_ 2 _"h B TR Th 2.2
A==ty o
2
Bydat = a(r)dt, a(r)=p(l— r—g),

where B, is U(1) gauge field, the scalar field and SU(2) gauge field are set to zero.
Horizon radius of the black hole and chemical potential are r;, and p respectively.

This black hole solution has a characteristic temperature given by

B 67“,21 —,u2

T = (3.2.3)

67Ty

In what follows we will study instabilities associated with condensation of the scalar

field and gauge field, in this background.

One can observe that the action (3.2.1) leads to equations of motion, which are
quite complicated to solve. We simplify it using probe approximation [6, 10-12].
By probe approximation we mean, we will consider equations of motion of the
other fields in the metric-background (3.2.2) and ignore the change in the metric. In
this approximation we consider an ansatz, which may lead to a consistent solution
of equations of motion. This ansatz consists of translation invariant Abelian gauge

field and non abelian gauge field with a helical symmetry. A consistent ansatz with
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these conditions is:

Al=gq(r)wy, A?=43=0 , ¢'=¢*=0, ¢*=9¢(r), B=a(r)dt,
(3.2.4)

where wy = cos(kz?)da! + sin(kx3)dz?, we = —sin(kx3)dz! + cos(kx?)da?, ws =
dx? are one-forms, which we have introduced following [25]. In this ansatz we have
both scalar and non-Abelian fields electrically charged with respect to U(1) gauge
field. We will analyse the equations, with this ansatz in order to find instabilities of

RN-AdS black hole solution in terms of ¢(r) and ¢(r).

A more convenient form of the equations can be obtained by scaling » with
horizon radius. So we write p = ;- and replace g(r) by go(p) with g(r) = r290(p)s

where go(p) is given by

wlp) =7 — =+ ()= - ) (32.5)

One can write the equations of motion in terms of these new parameters as

a 2 2
SN 000000)) + 55 000) = LB o(p) — mPotp) =0,
2
Oylomlp)Oualp) — | 55— k0pale) + po(p)? | alp) =0, 3:26)
h
3
We0p0(0) + Trapalp) — Lo 0(o alp) =0

We will now write the above equations of motion in different limits. First we con-

sider near horizon limit which is the limit with p — 1

e Near Horizon limit: In order to have near horizon limit of above equations
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(3.2.6), we introduce p ~ 1 + = and Keep the leading order terms in x. That yields,

47T
~(P020(2) + 20:0(2)) + e alw)0(w) — mPeg(a) =0,
2
T (@Bale) + 20sq(a)) ~ |y~ hOsa(o) + 00 | ala) =0, (327)
h

(020(r) + 3020(x)) + Ty ra(@)oual) = po(wale) = 0

We consider leading order solutions to be ¢(x) ~ !, ¢(z) ~ 2™ and a(z) ~ 2™
Substituting in equations of motion we find we need to choose n = 0,1 in order
to satisfy the equation of a(z) at lowest order. Since at horizon, the Abelian gauge
field By should be zero [6, 10-12] we set n = 1. Other equations are satisfied for
[ = m = 0 at lowest order. However, this choice admits non-zero values at horizon
for the non-Abelian gauge field, having only spatial component and the scalar.

e Asymptotic limit: For asymptotic limit, rewriting the equations in (3.2.6) in

terms of y = 1/p?, we get

1570, [00)0,6)] + Y 5() — L ya(w)26() — m2(y) — 0
Y Y 2 go(y) 92 ’
2
820, ya0(n)0ya(w)] — |y + 21k 0ya(0) + 60| aly) =0,
h 1 (3.2.8)
dyd2aly) — Z—%yayq@)? — W aly) =0,

1
where go(y) = , Ut (1?/3r7)(y* — ).

Asymptotic limit of the above equation can be obtained from leading order terms in
a Taylor expansion around y = 0. Substituting ¢(y) ~ y%, ¢(y) ~ v” and a(y) ~ 3°

as leading order solution, at lowest order we obtain from ¢ equation

a=Ay=1++1+m?/d (3.2.9)

In order to find scalar field condensation, we need to choose negative m? term and
we set m? = —3 for convenience, which gives an asymptotic solution for ¢, ¢(y) =

doy'/? + ¢1y3/2. Both the solutions corresponds to normalisable modes. Following
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standard quantisation we set the boundary condition to be ¢g = 0. Similarly, allowed

values of 3 are 0 or 1 implying ¢(y) ~ g¢o + (¢1/r2)y. here normalisable mode

corresponds to go = 0. a(y) is chosen to be a(y) ~ (1 — %¥). In the next section we
h

will look for solutions of these equations numerically.

3.3 Numerical Analysis

Since we want to get rid of fractional power of ¢ we substitute new variable y(y) =

(y)

R Withat modification, equations for x (), ¢(y) and a(y) are given by,

4% g0 () D2 x () + 4> 0y (ygo (1)) Oy x (y)
La(y®* 1

2
- +3 =0,
Py 12 yq(y) x(y)

Aydaly) — %yay(q(y)Z) — yg(j(y)x(y)%(y) =0,

+ | 2429y 90(y) — ygo(y)) +

2

4290 (y) D q(y) + 4y (ygo(y)dya(y) — [f—g + 2vkydya(y) + x(v)*laly) =0,
h

(3.3.1)

where go(y) is given in (3.2.8). The boundary conditions at y = 0 changed to:

x(y) = X—Qly q(y) ~ %y, a(y) ~ (u — a1%). (3.3.2)
T‘h Th Th

However, it should not admit normalisable mode for ¢ at £ = 0 for the reason

given below. For & = 0 second equation of (3.2.6) takes the form

! 1 2
S (@ N _) /- Ta=o (3.3.3)
up P uo

For p — 1 we get ¢'(1) = 477"rhT¢(1)2q(1), and so ¢ and ¢’ has same sign at horizon.

Then ¢ is positive and increasing (or negative and decreasing) at horizon. A normal-
1sable mode implies it vanishes at p — oo and so there is some intermediate value

p = pt, where ¢ turned around leading to a maximum (or minimum). Then equation
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(3.3.3) is not satisfied at p = p; as there ¢ and ¢” have opposite signs with ¢’ = 0.

We have used mathematica software to numerically solve these equations (3.3.1),
which are written in probe approximation, with boundary condition (3.3.2). We have
used the following values for the parameters: i = a; = 0.1 and v = 1 and solve for

the values of y and ¢ for which a(x) vanishes at horizon.

In order to determine thermodynamic stability of various phases and compare
them we have evaluated free energy density. Free energy density is given by Eu-

clidean action on shell. The expression for free energy we obtained to be

oo
TSE 7’3

IS L, g 1T 909
F = o = Tha 2/[ vkqq'a — r¢ a—l—u(r)qﬁa]dr. (3.3.4)

Th

In fig. (3.1) we have plotted free energy of s, p and s + p wave phases against tem-
perature. We have restricted the range near the critical temperature. From the plot
one can see that at a given temperature, s+p-wave has the highest energy, and free
energy of s-wave is the lowest. Free energy of p-wave phase comes in between.
Therefore thermodynamically preferred phase is s-wave always compared to other
phases. One can also observe from the plot that phase transitions are second or-
der. Similarly values of the condensates are plotted vs. temperature near critical

temperature as given in Figure (3.2).

We have also studied the pitch dependence of free energy vs. temperature plot
for p-wave phase in Figure (3.3). The plots are made for three different values of
k. We see for k = 1.5,3.5 and 5, as given in left subfigure free energy increases
with k, while it decreases for £ = 0.05 and 0.1 (middle subfigure). This implies
that free energy will be minimum at a critical value of £ near £ = 0.1 indicating
thermodynamically preferred phase. Once again we obseerve the phase transitions

are of second order in nature.
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Free Energy vs. Temperature
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Figure 3.1: Plot of free energy vs temperature for normal, s+p, p and s-wave phases
(from top to bottom along F-axis) on left for k = 1.5

<> <q> <qi>

Figure 3.2: Plot of s-wave (left) and p-wave (middle) and s+p-wave (on right) conden-
states vs. temperature

p — wave condensate vs. Temperature
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Figure 3.3: Plot of p-wave free Energy (left) and condensate (on right) for £ =
1.5,3.5,5. Plots from top to bottom correspond to decreasing & on left and increasing
k on right. The middle figure is plot of free energy for £ = 0.1 (bottom) and k£ = 0.05
(top)
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3.4 Conductivity

We discuss the optical conductivity of the system as the function of frequency in
this section. One has to develop some numerical techniques [11,38,39] to achieve
the same. Since the Abelian gauge field B, couples to a current J,, so to study
conductivity we introduce fluctuation of B, as a linear perturbation and write the
equations of motion for it. We are working with inhomogeneous background which
carries a background momentum k with background gauge field Bl(f)) which is the
solution of our equations of motion. We consider a small perturbation around this

background as B, = B,(LO) + b, We follow [22] to write
budx = by, (t,r)dz® + by (t,)ws (3.4.1)

It follows that b;, and b7 staisfy the following equations

o (85 -5 oo
|

" M 1y, w? _¢(T) _ K’ r) —
”T(”+(g<r>+r)bT+(g<r>2 u(r) r?g<r>)bT”‘O’

where we consider the facts that the components of U(1) gauge fields are given by

(3.4.2)

time dependent function as by, (¢, 7) = by, 7(r)e”**. We also impose ingoing wave

boundary condition at the horizon

;W

br,r(r) ~ g(r)” "o, (3.4.3)

to insist the fact that there will be no outgoing radiation at horizon. bz (r) and bp(r)

behave asymptotically as [22,39]

(2) (0)
b b
br(r) = bg)) + % + LwQ—LO‘q(ZAT) + ...,
o r (3.4.4)
b b Log(A
br(r) = bgg)) + 7‘T_2 + %(wz — k2)—oi(2 )
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Figure 3.4: Plot of longitudinal (left) and transverse (right) conductivities vs. frequency

where bg)), b(LQ), bé? ), bg ) and A are integration constants.

Since unlike the case of [22], bz, (r) and bp(r) decouple in our case, we consider
the diagonal components of retarded Green function, which are as follows [39]
b 1
GIL%L = QLO +w? (log(AT) — —) ,
b& ) 2
@) (3.4.5)

b 1
GE. = 2# + (W? — k) (log(Ar) - 5) :
T

We remove the logarithmic divergence with boundary counterterm in the action.
After we cancel the logarithmic term, we obtain the expression for the conductivity,

which are given as following [22],

(2) : (2) :

2b 2b

o) = L5+, or(w) = e+ (WP k) (346)
iwb; 2 iwby 2w

We have computed both the real and imaginary parts of longitudinal and trans-
verse conductivities. We have plotted them against frequency & = w/ry, in Figure
(3.4) . As w approaches to zero, the imaginary parts shows a divergence. This sig-
nifies a §(w) behaviour for the respective real parts. This behaviour can be observed

in the case of superconductors.
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3.5 Conclusion

We have shown in the probe approximation the model with gravity coupled U(1) and
SU(2) gauge field with scalar field in the adjoint representation, along with a Chern-
Simons term admits s and p wave phases as well as their coexistence. We have
found the expression for thermodynamic free energy and studied the free energy
plot with temperature for different phaes as well as for p-wave phases with different
values of pitch. We find s-wave phase is thermodynamically more stable than p
wave phase which is even more stable than s+p wave phase. So we may conclude
the fact that s wave phase is a consistent ground state which breaks global SU(2)
to U(1). We found therefore, in thermodynamically preferred phase only the scalar
field condenses. For p-wave phases, we consider different values of pitch and we
studied thermodynamic free energy. We found free energy becomes minimum for a
critical value of pitch. From the plots of free energies it is being observed that the
phase transitions are of second order in nature. However, probe approximation fails
whenever the condensates have large values.

This work may be extended in several directions. We have considered only one
chemical potential associated with the U(1) field and for a certain value of CS cou-
pling. A natural generalisation of our work, therefore, would be to turn on electric
field for SU(2) fields. Phase structure of 3 parameter space with two chemical po-
tentials and CS coupling would give a richer phase structure. Secondly, due to com-
plexity of the equations of motion we restricted ourselves to probe approximation.
A complementary study with back reaction of the gravity taken into consideration
will provide a complete picture. One can introduce neutral scalar field and make the
coupling of the interaction dependent on them along the line of [35]. By tuning the
field dependent coupling it may provide dual to the antiferromagnetic phase [36].

Another issue is the instability that we find in this analysis is valid for classical
gravity theory. In general, however, one may consider higher curvature corrections,
inclusion of which may provide information regarding modification of the boundary

theory as we move away from large ‘tHooft limit. One can ask whether the instabil-
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ities found here will survive such corrections. As discussed elsewhere [38] it could
be that higher curvature corrections may remove these instabilities or may further

modify the phase structure. This is the issue that we will discuss in the next chapter.
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Chapter 4

Higher curvature corrections

4.1 Introduction

In the last chapter we have discussed our proposed model i.e gravity coupled to U(1)
and SU(2) gauge field with the scalar field in adjoint. We have analysed its phase
structures and compare their stabilities thermodynamically. However, the analysis
was restricted to classical gravity theory, which corresponds, in gauge/gravity par-
lance, large N and large ‘t Hooft limit. As we have mentioned at the end, it would
be interesting to see how the instability and the phase structure in general gets mod-
ified once we move away from this limit by including higher derivative terms in the
gravity theory.

One reason that why such higher derivative term would lead to a difference is as
follows [38]. Holographic superconductors are associated with spontaneous break-
ing of a U(1) symmetry. Such superconducting phases have been found in the holo-
graphic set up in almost any dimension. However, spontaneous breaking of con-
tinuous symmetry is forbidden in (2 + 1)-dimensions according to Mermin-Wagner
theorem due to large fluctuations in lower dimensions. But (2 + 1)-dimension ad-
mits holographic superconductors, at least within the regime of classical gravity.
It could then well be, that at the large /N limit, fluctutations are suppressed in the

case of holographic superconductors. As one deviates from the large N limit by in-
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corporating higher curvature corrections, the fluctuations will be dominant and the

condensation of the field giving rise to superconducting phase will be suppressed.

Ofcourse, in order to check for such a phenomenon one need to consider four
dimensional gravity theory. However, four dimensional gravity theories with higher
derivative, such as Gauss-Bonnet and Lovelock gravity uses specific combinations
of curvature tensor and becomes non-dynamical in four dimensions. Other theories
that uses powers of Ricci scalar leads to identical black hole solutions as in Einstein
case. More general higher derivative gravity theories involve ghost degrees of fre-
dom. nevertheless, one can expect to have similar phenomenon in five dimensions

as well.

In view of that we consider the proposed model along with Gauss-Bonnet terms.
In presence of Gauss-Bonnet term, the gravity theory admits a black hole solution,
known as Gauss-Bonnet black hole. Within a probe approximation we consider the
SU(2) x U(1) gauge theory along with the charged scalar and study the modification

of the behaviour of the condensate and the associated phase structure.

In addition, we will also study a chemical potential driven transition in this the-
ory in presence of an AdS soliton background. Holographic superconductor tran-
sition occurs between two phases as a change of temperature. As shown in [41], a
similar transition occurs at zero temperature due to variation in chemical potential
when the holographic superconductor is placed in an AdS soliton background. By
compactifying one of the space direction of AdS black hole, one can obtain AdS
soliton configuration, which decays into AdS black hole through Hawking-Page
transition at a critical temperature. In the AdS soliton background, the phase where
charged field condenses, termed as AdS soliton superconductor has a much larger
gap and may be considered as an anlogue of an insulator [41]. Since the AdS soliton
is obtained by compactifying one space direction of the asymptotic AdS spacetime,
the dual theory is a Scherk-Schwarz compactification of a four dimensional gauge
theory. This analysis demonstrates the effects of higher curvature in a 2+1 dimen-

sional theory.
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This chapter is organised as follows. In section 4.2 we introduce the model which
is gravity coupled to SU(2) gauge field and U(1) gauge field with scalar field in
adjoint with higher curvature correction. Here we introduce AdS soliton background
and AdS black hole background, write down the analytic expression of free energy
in both the background. We also write down the boundary condition on the field
in both the backgrounds with both the boundaries. In section 4.3 we discuss the
numerical results obtained for normal phase and superconducting phase for both
AdS black hole and AdS soliton. Here we present free energy Vs temperature and

condensate Vs temperature plot. We conclude in section 4.4.

4.2 Model

Let us recall that our model consists of gravity coupled to SU(2) x U(1) Yang Mills
fields with a scalar field in the adjoint representation in the presence of Chern-
Simons coupling between Abelian and non-Abelian fields. It has been explained
in [21] that the Chern-Simons term plays an important role in condensation of the
vector field. To include the higher curvature terms, we consider Einstein-Gauss-
Bonnet action for the gravitational part. The modified Lagrangian takes the follow-

ing form

|
L = (R+12) %1+ %(RW’)"RWW —AR" Ry + B?) = SG NG

1
_ iFa/\*Fa—i—%F“/\Fa/\B

L, = —%[(Dung)a(D%)a+m2¢aT¢a], 4.2.1)

where G = dB and F® = dA® — ¢ AP A A represents field strength of Abelian and
non-Abelian gauge fields respectively. Covariant derivatives are given by (D,¢)* =
00 +i1B,0" — e“bCAZgbC. Riemann curvature tensor, Ricci tensor and Ricci scalar
are given by R, s, It,, and R respectively.

oAdS Black Hole:
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In this case, we will be considering a neutral black hole solution which is the

solution of equations of motion from the action [43,44] given by,

ds* = —g(p)dt?* + j(—’; + 0% [(da!)? + (dz?)? + (dz?)?)] (4.2.2)

2 4 ML?
g(p)zg—a[1—\/1—L—‘;‘<1— o )] (4.2.3)

M 1is related to the AdS mass of the black hole and the black hole horizon is ex-

where

pressed as g(pg) = 0 is
po = (MLY%, (4.2.4)

Here L represents the radius of the asymptotics AdS space. The strength of the
higher curvature terms is given by the parameter a. For a = 0, g(p) becomes 2—22 — pMQ.

In order to avoid naked singularity we restrict it to o < 1/4. The temperature of the

black hole is

Ll

u'(p)
T="4r lo=r =

Po (M)
wL? (L)

(4.2.5)

W

eAdS Soliton:

We are also going to consider AdS soliton solution. One can obtain AdS soli-
ton [45,46] solution in two steps. First we make a double wick rotation of the AdS
black hole metric (4.2.2). Then we compactify one of the space direction in a circle,
such that the radius of it shrinks down to zero at some finite value of r. The dual
theory corresponds to a 2 + 1-dimensional theory, which is a Scherk-Schwarz com-
pactification of a four-dimensional comformal gauge theory. In presence of higher

curvature [47] correction, the metric of the AdS soliton becomes

d 2
ds® = | L 1 g(p)dx® + pA(—dt® + da® + dad) | | 4.2.6)

9(p)

where the expression of g(p) is given in (4.2.3). We have made y periodic to obtain

a smooth space and the associated temperature can be considered to be zero.
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Here we consider the matter fields of our model in the above AdS black hole and
AdS soliton backgrounds. We consider following ansatz for the gauge and scalar
fields, to simplify the equations of motion. In particular, we choose ansatz for the

Yang-Mills fields to be spatially inhomogeneous depending on pitch k.

Al = glp)ws, A2=43=0 , ¢'=¢?=0, ¢>=06(p), B=a(p)dt,
4.2.7)
where, once again, we are using one forms w; = cos(kz3)dz! + sin(kz3)dz?, wy =
—sin(kx3)dz! + cos(kx3)dz?, ws = da? introduced earlier. We substitute the above
ansatz in the equations of motion for each of the backgrounds.

Here first we consider AdS black hole background.

¢AdS Black Hole background:

For AdS black hole substituting black hole metric as given in (4.2.2, 4.2.3), the

ansatz (4.2.7) gives the following equations of motion:

pPa(p)?

9(p)

2
9p(pg(p)0pa(p)) — (% — vkdpa(p) + po(p)*)a(p) = 0,

9p(P°9(p) 0, (p)) + o(p) — pa(p)*d(p) — m*p*p(p) = 0,

3

Op(p°0,a(p)) + vka(p)dpalp) — ﬁwp)%(m = 0. 4.2.8)

From the Maxwell’s equation we can see that phase of the complex scalar is con-

stant. We set the phase of this complex scalar field to be zero.

Since we aim to solve these equations of motions (4.2.8) we need to choose right
boundary conditions at near horizon and asymptotic infinity. In order to choose near
horizon boundary condition, at near horizon limit we consider the leading behaviour
of the fields, from the equations of motion. Expanding the equations (4.2.8) around

horizon and ensuring that they will not diverge there, we obtain the following con-
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sistency conditions at the near horizon limit:

2

4p0pd(p) — <Q(pp2) + m2) ¢(p) =0,

2
@W@—(%—w@mm+wwﬁ«m=a

a(p) =0. (4.2.9)

The behaviour of the fields at asymptotic infinity, i.e p — oo given by

P1
a = - =,
(p) e
c_ Cy
o(p) = —+
() = St
q2
qlp) = q1— el (4.2.10)

1 and p represent chemical potential and charge density respectively of the system.
Charge density will be kept fixed, which provides a scale. The exponents in (4.2.10),

A4 are

V1-—4a’

= —3 for the matter fields. Hence it can be seen from

2 2
AiZQi\/zHl& 4.2.11)

where we will choose m?

(4.2.11) both the modes in the scalar fields are normalisable modes. As per standard
quantisation procedure we set C_ = 0. We will also set g; = 0. Then C'y and g2 will

give v.e.v of dual operator or the respective condensates.

For the purpose of thermodynamic analysis we consider free energy associated
with different phases. Free energy density of the system is given by integrating the
Euclidean action on shell. For a general configuration consistent with the ansatz

(4.2.7) expression for free energy comes out to be

TS
F = TE
:—wm—l/mm{~w«m@«mmwwwmm%@f+fimm%@ﬁ
2/, P u(p)

(4.2.12)
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¢AdS Soliton background:
Here we will study the phases of the system in AdS soliton background (4.2.6).
We consider equations of motion for the matter fields (4.2.13) in this background,

consistent with the ansatz (4.2.7). Equations of motion are as follows

a(p)? q(p)?

%ap<p3g<p>ap¢<p>>+ -0(0) = L5500 — m*o(p) = 0.

2 2
3P D0p(0) = 5t ale) + WDpalp)ale) ~ a(p) 2 =,
300p3(0)3palp) + 2ha(p)0palp) - % (o) = 0. 4.2.13)

Here we need to find boundary conditions for the fields, both at the tip of the soliton

and at asymptotic infinitiy. At the tip, p = pg, the matter fields behave as follows,

o(p) = a1+ biln(p—po) + c1(p — po),
q(p) = az+baln(p — po) + c2(p — po),

a(p) = ag+bsln(p — po) + c3(p — po)- (4.2.14)

The logarithmic terms represents divergences of the respective fields at the tip. In
order to avoid the divergence we need to impose consistency condition, that the
coefficients of the logarithmic terms in the expansion of the fields (4.2.14) should

be equal to zero.

At the asymptotic infinity, » — oo, the behaviour of the fields are quite simi-

lar to that in the case of AdS black hole background (4.2.10) . The leading order
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expressions are given as before

P1
a - — o
() =
c. O
Pp(p) = -
(p) P
q2
q(p) = “- (4.2.15)

A+ are given by (4.2.11) and i and p represent the chemical potential and charge
density of the boundary theory. We choose C_ = 0. The v.e.v of the dual operator
associated with the scalar field is represented by C';.. For vector fields, we set ¢g; = 0,

then ¢o will represent the value of the condensate.

Free energy density associated with this AdS soliton background is obtained

from the Euclidean action on shell and comes out to be

F= TTSE — -3 / " dp [1ha(0) @pa(p))alp) — po(0)2a(0)? + (o) alp)?]

2
(4.2.16)
In the next section, we will numerically solve the equations (4.2.8) and (4.2.13)
subject to the consistency conditions (4.2.9) and (4.2.14) respectively at horizon
and asymptotic condition given by (4.2.10), (4.2.15). In the case of AdS black hole,
we will use the solutions to study the behaviour of condensates and free energies
with variation of temperature. Similar study will be discussed for AdS soliton back-

ground with variation of chemical potential.

4.3 Numerical Analysis

In this section we discuss the numerical results obtained for free energy and conden-
sate in normal phase and superconducting phase for both AdS black hole and AdS

soliton background. For AdS black hole background we solve the equations (4.2.8)
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with asymptotic boundary conditions as given in the following,

=
>
12

(4.3.1)

<
—~
=
12
ol

In order to ensure that fields do not diverge at horizon, the solutions need to satisfy
the consistency conditions given in (4.2.9) .

We keep the charge density p; fixed and find solutions, which gives rise to non-
zero condensate C';, while C_ = 0. In order to study the change of scenario with the
variation of the coefficient of Gauss-Bonnet term, «, it has been chosen to be o« = 0.1
and o = 0.05. We have given the plot of condensates of scalar field vs. temperature
(i.e C4 vs temperature) in Fig.4.1. As one can observe that the condensation gap
becomes larger as coefficient of Gauss-Bonnet term increases. Since the scalar has
a negative m? term within BF bound, as well as a potential well that forms near
horizon [38], one can presume that condensation will happen. We observe critical
temperature decreases with increase in «.. Such a decrease in transition temperature

with « is also confirmed from the plot of the free energy vs. temperature in Fig.4.2.

condensate; a=0.1 condensate; a=0.05

Figure 4.1: Condensate vs. temperature plot for s wave @ = 0.1 (left) and @ = 0.05
(right)

It also admits p-wave phase where the non abelian gauge field gets v.e.v leading
to symmetry breaking. This will gives rise to a configuration with helical symmetry

due to the choice of our ansatz(4.2.7). One may observe from the plots of condensate
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Figure 4.2: Free Energy vs. temperature plot for s wave superconducting phase(below)
and normal phase(above) for o = 0.1(left) and oo = 0.05 (right)

vs. temperature for « = 0.1 and o = 0.05 for p-wave phase, given in Fig.4.3
that the gap increases as the coefficient of the higher curvature term gets larger.
Similarly, from the free energy vs. temperature plot, given in Fig.4.4 we see the
transition temperature decreases with increase of the strength of the higher curvature
correction, as in the s wave case. It is evident from free energy vs. temperature plot
for both cases of s-wave and p-wave that the nature of the phase trasitions are of

second order.

condensate; a=0.1 condensate; a=0.05

06
041

0.2

I I I I I T L L L L
0.4928 0.4930 0.4932 0.4934 0.4936 0.4988 0.4990 0.4992 0.4994

Figure 4.3: Condensate vs temperature plot for p wave for o = 0.1 (left) and o = 0.05
(right)

Next we make similar study in AdS soliton background. For this background
we will consider the s-wave only. We numerically solve (4.2.13), subject to the
asymptotic boundary condition (4.3.1) and consistency condition (4.2.14) at the tip
so that coefficient of logarithmic term is zero. The plot of condensate of the scalar
field and free energy against chemical potential ;. are given in Fig.4.5 and Fig.4.6

for o = 0.05 and « = 0.1. Charge density (p) has been plotted vs chemical potential
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Figure 4.4: Free Energy vs temperature plot for p wave superconducting phase(below)
and normal phase(above) a = 0.1(left) and o« = 0.05 (right)

in Fig.4.7 for the two values of a. One may note that the critical value of ;. at which
the transition takes place, increases with the increase of the strength of the higher
curvature terms. The plot of free energy vs. p for the two values of « also exhibits
the same as given in Fig.4.6.

condensate; a=0.1

condensate : a = 0.05

1 1 1 1 1 1 —_— L . L L L —_—
54 56 5.8 6.0 6.2 6.4 6.6 52 54 56 58 6.0 6.2

Figure 4.5: condensate vs p plot for s wave phase for o = 0.1(left) and o« = 0.05 (right)
in AdS soliton background

4.4 Conclusion

In this chapter we have studied phases of the model introduced earlier in presence
of higher curvature corrections. It admits a Gauss-Bonnet black hole solution and in
this background we find that below a critical temperature, one gets superconducting
phase. It is now established that the magnitude of decrease in critical temperature is
closely linked with the increase of the strength of the higher curvature term. There-

fore, one can conclude that as the strength of the higher curvature terms increases
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Figure 4.6: Free Energy vs. p plot for normal phase(above) and s wave superconducting
phase(below) for a = 0.1 (left) and o« = 0.05 (right) in AdS soliton background

charge density; a=0.1 charge density; a=0.05
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Figure 4.7: p vs. 1 plot for s-wave phase for a = 0.1 (left) and o = 0.05 (right) in AdS
soliton background

the transition gets more and more suppressed and it will be more difficult for the
condensation to take place. This is in agreement with the result obtained in the case
of simple s-wave black hole [38]. It may be interesting to find the value of « for

which condensations cease to occur.

In the next part of the analysis, we considered AdS soliton background, at zero
temperature for which the dual theory is (2+1)-dimensional. As we vary the chem-
ical potential, we find phase transition occurs at some critical value y = p.. We
study the impact of the higher curvature corrections on this transition and find as we
increase the strength of the higher curvature terms the critical value of the chemi-
cal potential increases. Therefore, with increase of higher curvature corrections, the
AdS soliton phase will persist and one requires higher value of chemical potential in
order to have condensation of the charged fields. In other words, it shows suppres-

sion of condensation due to existence of higher curvature terms in (2+1)-dimension.
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As discussed in the introduction Mermin-Wagner theorem forbids spontaneous
breaking of a continuous symmetry in (2+1)-dimension due to the fact that massless
fluctuations destroy the long range order. Holographic superconductors appear in
(2+1) dimension in classical gravity. Since the latter corresponds to the large N limit
of the field theory, the suppression of massless fluctuations can be attributed to the
large N limit [12,48]. Therefore, as we deviate from the large N limit we should find
that condensation is getting suppressed [38]. As we have seen, with increase of the
strength of higher curvature term, the critical temparature, at which superconducting
transition takes place decreases or critical value of chemical potential increases.
Both the phenomena show suppression of condensation, which is in accordance
with this possibility. For the AdS soliton, the dual theory is (2+1) dimensional. For
the black hole, though the dual theory is (3+1) dimensional one may expect a similar
phenomenon in (241) dimension as well.

It will be interesting to find out the behaviour of spatially separated correlators
of the massless fluctuations within an AdS/CFT framework [12]. One can also try
to look for an analogue of Berezinski-Kosterlitz-Thouless transition in this system.
Once again, we have ignored the back reaction on the metric and considering the
back reaction one may obtain a more detailed understanding of the effects due to
the higher derivative corrections. Another set of features to capture the effect of
moving away from large N limit may be transport properties. In particular, one can
study thermoelectric properties of various phases at higher curvature along the line

of [94].
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Chapter 5

Holographic Renormalisation Group

Flow

5.1 Introduction

As we have discussed in the previous chapters that gauge/gravity correspondence
has been applied successfully in the realm of condensed matter physics [4-9] (and
references therein), and especially in the context of holographic superconductors
([11] - [20] ). High temperature superconductors turns out to have rich phase struc-
tures and it is interesting to understand transitions among the various phases from
a holographic viewpoint. Renormalisation Group (RG) flow has been used in the
study of such transitions which are called quantum phase transition. In particular,
transition between metallic and insulating phase was analysed in [74], where these
two phases were described as fixed points of RG flow. Similar works in the study of

metallic and insulaing fixed point also appeared in [75].

We are interested in studying the phases in the present model using techniques
of holographic RG flow used in [53, 54]. According to holographic duality a stable
phase corresponds to certain stable field configuration and appear as the fixed point
of holographic RG flow. An instability of the phase corresponds to flow between

one fixed point to the other, i.e one geometric configuration and vacuum field con-
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figuration to the other. We have obtained the potential and by minimising it we have

identified the fixed points as metallic and antiferromagnetic phases.

Our work is partially motivated from the fact that there is significant develop-
ment in the study of holographic renormalization group ( [49]- [67]), in recent stud-
ies. In particular, we have used the concept from the work by Verlinde et.al., who
proposed some formalism [53-55,67] which has wide applications in AdS/CFT cor-
respondence. According to it an on shell action can be written as the sum of local
and non local part. Buik equations of motion can be written using Hamilton Jacobi
formalism so that they look formally similar to RG equations. Many other works
also have appeared in this context [65, 66] (and references therein). Subsequently,
studies of RG in the context of dilaton theory appeared in literature [49, 50,52, 57].

It was developed futher to include the gauge fields in the dilaton theory action [51].

Here is the brief organization of the present chapter. In section 5.2 we introduce
our model, develop the RG formalism and construct Callan Symanzik equation.
Here also we derive the potential equation. In section 5.3 we describe our first fixed
point, which is AdS fixed point. We show that this fixed point is related to metallic
phase. In section 5.4 we describe the nontrivial fixed point and show that this fixed
point is related to antiferromagnetic phase. In section 5.5 we derive certain stability
condition of metallic phase. We conclude in section 5.6. The complete equation
of motions of the field with full back reacted metric is written in Appendix A. In
Appendix A we have also expressed the expression of the fields and some of the
metric components in terms of the potentials as we are going to introduce in the

following sections.

5.2 Derivation of Callan Symmanzic equation

In chapter 2.6 we have demonstrated holographic RG flow for a gravity model,
described in [51]. In this section we are going to apply the techniques of holo-

graphic RG flow to our proposed model [40]. Recall that it is gravity coupled to
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SU(2) x U(1) gauge theory, with the scalar in the adjoint in the presence of Chern
Simons term and for the present purpose we have added Gibbons Hawking term.

The action is given by,

1 1 1
S = /M dpd*z/—g[R — A — ZFWFW — ZWWWW — 5(DM(p“)T (D,6%)
2
- %qs%a] - g/B ANFEAW + ) Vo dAe2K (5.2.1)
M

where F = dA, W* = dB® — ¢*™B" A B° and (D,¢)* = 96" + iAu9" — B ¢°,
with A and B are U(1) and SU(2) gauge fields respectively, ¢ is the scalar in SU(2) x
U(1) adjoint representation. Also A is cosmological constant and here in the present
case it is given by A = —12. Note that the above action (5.2.1) is the same action,
we have introduced in (3.2.1) except we have added the last term, which is Gibbons-
Hawking term where 7%/ is boundary metric. Gibbons Hawking boundary term is
ensuring that this action admits a Hamiltonian description. We choose the metric
ansatz
dp?

ds? = —g(p)dt® + o) + ds?everse | (5.2.2)

where

dStransverse? 62x1(p)w% + €2x2(p)00% + 62&3(;))00%

_ 62331 dy% + (62$2C082]{}y1 =+ e2m3Sin2/{:y1) dy%
+ (275 Cos?hyr + e272Sin’ky1 ) dy3

+ 2(e*® — €222)Cos(ky1)Sin(ky ) dyadys , (5.2.3)

where once again we use one forms w; = dy', we = Cos(ky!)dy? — Sin(ky')dy?,
wg = Sin(ky")dy? + Cos(ky')dy3. Here z;(p), U(p) are radial functions and k is a
parameter representing the pitch. Asymptotically AdS geometry implies at p — oo

we have z;(p) — Inp and U(p) = p®. Note that this (5.2.3) is the same as the
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metric ansatz used in [74], except in our case gy is different from their case. Also
recall that in section 3.2 we have written probe approximation of this metric in
(3.2.2). Here we are considering full backreacted metric. For our purpose we impose
simplifying ansatz for the fields, which is consistent with the equations of motion,

as we considered in (3.2.4 ):

B'=uw(pwn, B*=B'=0 , ¢'=¢*=0, ¢’ =¢(p), A=alp)dt.

(5.24)
We have discussed that in the holographic RG formalism in the dual field theory
which describes the flow of parameters with energy scale, in the bulk theory that
describes the flow of the fields with radial direction p. Note that our aim is to
describe the bulk dynamics in a Hamiltonian language where the Hamiltonian is
now the generator of translation in radial direction instead of time direction. So we
start with decomposing bulk variables along and perpendicular to radial direction as
in the standard ADM treatment of gravity. First we start with the bulk metric which

is written with lapse and shift variables in the form [52], [53]
ds* = (N? 4 N'NYdp* 4+ 2N'dpdy’ + ~i;dy'dy’ (5.2.5)
while U(1) gauge field is being decomposed as
A(p) = adp + Aida’. (5.2.6)

Clearly we can rewrite the above metric (5.2.3) in the above form (5.2.5) with the
choice of N' = 0. We consider this as our gauge choice. The inverse metric of

(5.2.5) 1s given by the following expressions

(5.2.7)
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The Ricci scalar, on decomposition (5.2.5), is given as follows
R(g) = R(y) + K? = K K + V,,(=2Kn" + 2n"V,n*") , (5.2.8)

where Kj; is extrinsic curvature. It is given by the following expression

r .
Kij = ﬁ(’ﬁj_rlapsefshift)

Diapse—shitt = DilNj — DNy, (5.2.9)
. o _ (1 _N'
and the unit normal vector to the constant p hypersurface is given by n# = <N’ — W) .
Also here the covariant derivative with respect to the induced metric +;; given by D;.
The action from (5.2.1), reduced in radial direction and normal direction, is given
by

- 1 . .
S = / d'yN\AR() + K? = KV K — o5 (Dp¢ = N'Dig) (D6 — N’ Djo)

2 ..
—~ %cb% — (D) D;¢

1 'yij
~ 2N2 (Fpi — NpFf) (Fp; — N Fj")
1 ’yij k m
~ 5N2 (Wm‘ — N W; ) (WTJ' — N W )
1 1
— Z_LFijF] — ZWZ'J‘WJ]
— K (DA — 0, Ay — NpFl) Wik Bin + / VordieK. (5210
oM

Note that canonical momenta conjugate to the fields NV, N’ , and a vanish since the
corresponding radial derivatives do not appear in the above Lagrangian (5.2.10). We
can evaluate the Legendre transform of the Lagrangian to obtain the radial Hamilto-

nian, given by

H— /ddy (mﬂ” + 5T n8 g B+ wiAi) s (5.2.11)
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Here by radial Hamiltonian we mean that canonically conjugate momenta to the
fields are taken as derivative of Lagrangian (5.2.10) w.r.t radial derivative of the

fields, as we did in (2.6.6). One can show that

H:/E%UthWHumfy (5.2.12)
where
1 1 iy 1 o
H = = (%‘k%‘l - ﬁ%ﬂkl) i 2@%2 - §’Yij7rjg7r73
]_ . . ; - 177 !
— 3V (Wfél + gepmkankBm> (71'?4 + gepm km Wn’k’Bm’)
+ VY (Dio")(Dj¢") + R + 12
+ iFPM+1WWW“”+Z£W%ﬂ (5.2.13)
4- " 4 v 2 ’ -

/Hi = Dj?Tij + (W;Diqba + W;D%T) + Fij (7TSA + gfpsnkmwnkBm)/Ysj

1 .. ‘
+ §sz7a7r%7mfyjm s (5214)

where 7/ correspond to canonically conjugate momentum of the metric v/, 7 and
7 4 correspond to canonical conjugate momentum of SU(2) gauge field B and U(1)

gauge field A and 7y is the conjugate momentum to ¢. Also
F = Din". (5.2.15)
Finally the Hamilton’s equation (from (5.2.12)) of motion imply
H=H =F=0. (5.2.16)

Following [51], it can be shown that. the momentum constraint H’ = 0 and Gauss’s
law constraint 7 = 0 represent transverse diffeomorphism invariance and gauge

invariance of the on shell action. We will focus on Hamiltonian constraint, 4 = 0,
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which implies invariance of on shell action under radial diffeomorphism. Note H

can be written as

H={S,S} - Lq, (5.2.17)

where L, is the d dimensional part of the Lagrangian (d corresponds to boundary

dimension) and the bracket expressed as:

(8.5} - —J—_[<zmﬂ =

( Pmka kBm) <7T + Ep]n "K'm’ W /k/ >] (5 2 18)

g 1 o
1%‘ﬂkl> ikl — 2Ty — 5%;'%3977‘73

[\Dlr—t

On substituting H = 0 we obtain the flow equation
{S,5}=L4. (5.2.19)

We mentioned in section 2.6 in equation (2.6.17) ( as proposed by Verlinde [54]),

the on shell action can be written as a local and non local part,
S = S + 1, (5.2.20)

where I' is the quantum effective action. As prescribed before, the on shell action

can have derivative decomposition as follows

Soe = SO 452 4

loc

s = [v=w 6 el)

52 = / VB (61 (0)00) Ra+ M (61(0)6(p)) ((Did(p)) (Didr(p))) )
, (5.2.21)

where in the above expressions, by the superscripts we mean the number of deriva-
tives/weights and R, is d dimensional Ricci scalar. We carry out most general ex-

pansion of .S;,. which was considered in ( [51], [54]). For d dimensional Lagrangian
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we write

m2
O — {d(d—l)—7(¢*(p)¢(p))}

£ = {Ra+4" ((Dio(p) (Dso(p)) }
1

1 g
LY = SR Fi - :

I Wi W | (5.2.22)

where the expression D;¢(p) is d dimensional covariant derivative of ¢. This is

according to our ansatz(5.2.3,5.2.4), given by

D (Di) = (w(p)2e2m20) — LV i 5223
(Dig)*(Dig) (p) 2(0) o' (p)d(p), ( )

where a(p) is the time component of U (1) gauge field and w(p) is the wy component
of SU(2) gauge field (5.2.4). Also I is the quantum effective action contains higher
derivative and nonlocal terms. So the Hamilton -Jacobi equation actually reduces to

the following equations (5.2.19,5.2.21,5.2.22)

{sih.sm} = £ (5.2.24)
2{51(32751(32} = 522) (5.2.25)
{Sffﬁﬂffﬁ}m{s}fz,r} = £§{”. (5.2.26)

We express the radial derivative of the fields with Hamiltonian equation of motion

do OH  OH

dr oy N 8(%)

where by S we mean the on Shell action. So inserting the expansions(5.2.21) and
using the fact that at on shell, the momenta corresponding to a field can be expressed

as the derivative of the on shell action w.r.t the field (2.6.12), we can write ( [52],
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[511, [53D)

dp oW
dp 99

dw(p) _ (M(¢le)(Dig)!(D'g)

dp 2w (p) = M(67¢) Exp(—2x2(p)) w(p) ¢'¢

da(p) _ O(M($'O)Dig)!(D'¢) _ o 1o

dp da(p) = —M(¢'9) 200) (p) 60, (5.2.27)

and finally we write for the gravity part following [53]

O 2
Y= (-2 v v v
8p ( Tu + d_lﬂ_kgﬂ )g
2
= M
2 0
— g
g [ Vi)
dguw B _W(g_bgb)
= Pl T guw +Clp), (5.2.28)

where we introduce the constant C(p). Note that C(p) is independent of g, but
it can differ for different component of metric. It is better to say that it actually
gives anisotropy of the metric around the fixed point. Since we want to consider the
simplest solution we will set C' = 0 for all metric.

Recall we obtained the field derivatives from the expressions W (¢'¢), M(47¢) in
(5.2.27,5.2.28). Hence we will effectively treat the said expressions as potential and

call them by potential in the rest of the chapter. It implies, from (5.2.28)

U _wigle)  ,_ Wi(gle) ¢ W(gle) (5.2.29)

U~ d-1 T T2d-1) g d-1

As expressed in (5.2.26), to write generalized expression for these brackets, follow-

ing [51], [52] we will assign weight to all fields, as we did in chapter 2.6. This is as
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following:

'7,uu; ¢7 F : 0
Ou, B, Ay 1
R, Ry, Ryppo, 0* 12
0 o
— :d—1
da(p)’ Ow(p)
) o
, cd (5.2.30)
Ohyuw(p)” 99(p)
Siocw—d = / d%y/ =y L) . (5.2.31)

Recall in (5.2.26) we wrote the equations upto weight 4. Similarly one can construct

weight d equation, where d is the boundary dimension, as
2 {Stoe: T}a = = {Stoes Stocta + L5 (5.2.32)

where {Sio, I'}; and {Sioc, Sioc }4 represents weight d term from the bracket. Also
by the term ££ld) we mean weight d term of £;. Finally the expression (5.2.32) for

generalized bracket is

W (6'(p)é(p) g 00  OW (¢1(p)d(p)) OT  OW (¢'(p)d(p)) Or
d—1 | 9k BrSi 96 96 oot
aSlocQ d or aSlocZ d or

o oB oAl oA
_ %(Lgd) Lis sy, +1neﬂwkmw B

aSloc

i (5.2.33)

After some rearrangement of the above equation, we write Callan-Symmanzik equa-

tion as

or or or or
WMW - ﬁ¢a—¢ ﬁ 8¢T 5B — Ba a(p) § A7
~1
1| W (6f(p)e(p ijkm 9510
- 5{ (d<—)1< ))} l(ﬁgld))—{sas}d+’f€p]k Wik Bm 6;1 ;
(5.2.34)
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with

4 W (6T (p)o(p)) | OW (61 (p)o(p))
¢ = d—1 dt
P LA CIONT) oW (61(p)6(n))
o = d—1 do
W (6 (0)6(0) | OStoezd
6(1(1“) = d—1 7j 8fil
W (61 (0)6(0)) | 1 0Si00za
Bw(r) = T 1 7]—8372' . (5.2.35)

We define the /5 functions as above. The fixed point is given by simultaneous zero
of the 3 functions. Clearly when we have 3, = 4+ = 0 this implies, the potential
term W (ngT(r)gzﬁ(r)) is at its extrema (5.2.35). In order to understand it for SU(2)
gauge field and vector field, let us recall (5.2.31,5.2.21); the vanishing of ) and

Buw(r) needs, for nonzero ¢,

M (¢'(p)é(p)) =0, (5.2.36)

at fixed point. We will discuss these points further in next sections. So far we have
considered Callan Symanzik equation which is weight d part of 2 = 0 constraint.
Next we consider weight 0 and weight 2 part of the same constraint. These latter
equations, which are equations for W (¢¢), M (¢¢) as introduced in (5.2.27,5.2.28),
are direct consequence of the constraint % = 0. These equations can be obtained
from (5.2.19) where the canonically conjugate momenta is expressed as the deriva-
tive of on shell action as given in (2.6.12) and we have the on shell action, which is
expanded as (5.2.21). We will call them potential equations which are as follows.

The potential equation at zeroeth derivative order is given by

d fa . OW(eTe) W (eTe) 1 ; : : <6—2x2 B L)
=1 (W (p')] P 9 50 0 M(¢'9)W(9'9) )
= V(¢'9). (5.2.37)
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At two derivative level we have the expression as

~5(Di6)(Dig) + Ry

=2 [8(6) B+ M(616)(Di0) (D'6)] W (670)
oW (610) 9 (6'0)

e L
oW (610) M (50) ;

{ 6T 0 }(D@*)(Daﬁ)

W) (st
01 9(p)

d

M(¢'9) (Dig)* + f”“(DmbBC(r)}
W(')M(¢'0) {—@ + e—m“))w(p)?}
9(p)
4

M(gtp)e ) [pTg]]

{<—ﬁ(¢T¢)2M(¢T¢) + gﬁpinkm(wnkbm)> X
b st

( o )(cb ¢) M(d'9))

gepin’k’m'(wn,k,bm,))} _ (5.2.38)

N~ N~

~—

5.3 Critical Points : AdS fixed point

In previous section we have described the critical points which are given by simul-

taneous zero of [ functions. From (5.2.35), we note that the first condition for zero

of the 3 function is, the extrema of W (¢¢) has to vanish. To find the critical points,

we have to solve the potential equation (5.2.37) order by order. We expand W (¢'¢)

perturbatively as

W(olg) = Wo + Wi(6T¢) + Wal(el9)? + ..., (5.3.1)

where W,, W1, W5 are constant coefficient terms. Clearly when we extremize the

above (5.3.1), w.r.t. ¢, one trivial fixed point we find which is at ¢ = 0. Combining,(5.2.21),

(5.2.23), (5.2.31), (5.2.35), (5.3.1), one can found that ¢ = 0 is also the zero of the 3

function which is associated with SU(2) gauge field and U(1) gauge field. Moreover

one can also choose, at this fixed point SU(2) gauge field w(p) = 0. Then from
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the action (5.2.1) it is clear that remaining action describes gravity coupled to U(1)
gauge field. In [74] it was shown that such action has RN AdS black hole solu-
tion. According to [74], AdS RN black hole has a near horizon geometry given by
AdSy x R? which along with some deformation, is dual to the metallic phase. So it
is suggestive that our first fixed point does have correspondence to metallic phase.
Substituting (5.3.1), we solve the potential equation (5.2.37) order by order. It ap-
pears that first order term is

W, =2(d—1). (5.3.2)

Before considering the next order term, we consider the term

$0Top M(¢Tp)W (¢10)) (e*2x2(p) — ﬁ) from (5.2.37). Near AdS background e~2%2(P) =

1= p—12 (We consider AdS radius L = 1). So exactly near AdS fixed point the con-

9(p)
tribution of this term term will be zero. The coefficient equation in first order of ¢f¢
is given by
d
4(d —1)

(W, Wy) — 2WE = —%m2. (5.3.3)

So we write

Wy — %Ai_ (5.3.4)

Substituting (5.3.4) in (5.3.3) gives

d
2

Lo 1 4
AN §A =—gm". (5.3.5)
Near AdS fixed point, since ¢ = 0, the quadratic and higher order terms in ¢ can be
ignored. Therefore upto quadratic expression the potential W (¢f¢) can be written

as

W(6te) = 2(d — 1) + 3Au'6, (53.6)

where A4 is the dimension of dual operator. Near AdS fixed point the expression

of the scalar field can be obtained by integrating ¢ derivative part of (5.2.27)

2 2
8(p) = Arp™ + Ao 1y = TEVEETIT (5.3.7)
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In order to find an approximate expression of w(p), a(p) near fixed point, we recall

the equation (5.2.27),

dlfi—(pp) = M(¢'¢) Bap(=2u2(p)) w(p) 6'é = %(qﬁ*qﬁ — a)(¢lp)w(p)
dc;(pp) = —M(¢'9) ﬁ a(p) ¢'¢ = %(M — a)(¢f¢)alp) . (5.3.8)

In the above we have substituted the expression of Ads background metric

Bap(~223(p) = —~ =

e
~~
=
~—
e

Also we use the expression M (¢T¢) = ¢'¢ — a, which actually we have established

in the next section (5.4.3). Integrating (5.3.8) one can obtain the series expression

nfu(p)) = —lnfo(p)] = ~{a(Ai + 42)° = (A1 + A2)")
+ alnp{—20(A, +A2)(A1%
+ Az%) +3(A; + AQ)?’(Al% + Ag%)}
4+ , (5.3.9)

where A, A are integration constant. One can derive similar expression for a(p).

5.4 Nontrivial fixed point

We have mentioned in the earlier section that nontrivial fixed point appears with
two conditions; extrema of T (4'¢) is zero and M (¢'¢) is zero. In order to study
the theory explicitly, we recall the perturbative expansion of W (4'$) which we keep

upto quadratic term in L)
1
W(sle) =W, + §Ai¢T¢ Fei(dTo)? + ..

Extremizing W (¢'¢), we find, one extrema lies at ¢' = 0 (which corresponds to
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AdS fixed point) and the other one corresponds to
1 i
§Ai+201¢ $»=0. (5.4.1)

From the above we find that nontrivial fixed point lies on a circle ¢'¢ = o with

VAT

—-— 4.2
1, (5.4.2)

o =

First we note that at nontrivial fixed point, the vacuum lies on a circle ¢'¢p = a,
which implies ¢ = eX(*) ¢t = ¢=X(*) where y is any function of space-time vari-
able x and « is given by (5.4.2). Clearly, since the solution has U(1) symmetry, this
spontaneously breaks SU(2) x U(1) symmetry of the theory to U(1) x U(1). Fol-
lowing [36] this breakdown of symmetry SU(2) — U(1) with nontrivial v.e.v of the
scalar, in a model of gravity coupled to SU(2) and U(1) gauge field, gives rise to an-
tiferromagnetism. Since, we have shown that our model is showing a similar feature
so it is suggestive that this nontrivial fixed point corresponds to antiferromagnetic

phase in the dual theory.

We mentioned earlier (5.2.36), that when the scalar field ¢ takes a nontrivial
v.e.v, the zero of the g function implies the condition, potential at two derivative
order M (¢T¢) = 0. This requires M (¢'¢), to have a series form around the nontrivial

fixed point
M(¢T¢) = (¢T¢ — a) + O((¢T¢ — a)®) + ..., (5.4.3)

where « is the value of v.e.v of (¢7¢) at the nontrivial fixed point (5.4.2). Next
we consider the potential equation at zeroeth order (5.2.37), In that equation, we

consider the fact e=2%2(P) £ ﬁ £ % . We denote at the nontrivial fixed point

f%m»—£5:c+0@%%hm, (5.4.4)

where c is the zeroeth order term of the above expansion. Substituting this (5.4.4)

in (5.2.37) and also using (5.4.3) we obtain the zeroeth term of W (¢'¢) which is
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W, = 2(d — 1) and the term of the order ¢'¢ is given by

ANy — A% = —m? — 2ca(d —1). (5.4.5)

We see in the above expression that once we set ¢ = 0, we get back the AdS RN
expression (5.3.5) which also gives AdS RN geometry near critical point. So we

have the equation for A4 is

A2 li(d 1) - d] Ap—m?=0. (5.4.6)
1

b 1

Ay = —24 B2+ 4m?

+ 535 b= 4 4m
Cc

b = |—(d—-1)—4d] . 4.7
-1~ 6547)

Finally we want to comment that since the nontrivial fixed point breaks SU(2) x
U(l) — U(1) x U(1), from [36], it is suggestive that the respective fixed point

describes an antiferromagnetic phase in the dual theory.

5.5 Instability of metallic phase

In holographic duality, the IR limit of a theory is described by the near horizon limit.
In this section we consider a solution with AdSs x R3 as the near horizon limit. In

addition, we have added deformations following [74] to it given by:

U = 120°(14up?) ; zi=vo(14+2i10°) : a=2V6p(1+ agp?)

w o= wop ; d=0op’ i g=120"(1+ gop’). (5.5.1)

In [74] a similar configuration along with deformation is considered, which repre-
sents metallic state at zero temperature [116].

We determine the exponents in (5.5.1) using equations of motion. They come
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in pairs corresponding to the power of two roots of the equations. We find two
marginal operator with 6.+ = 0 which corresponds to rescaling of x1,z2,x3. The

four remaining operator are given by positive weight

1 1 1
Op = 1 =gty [q+ppie - —mpe
+ \/ p \/6]7
1
—= + 1 + m?2 - + - + 3p26—2f0 (5.5.2)
if
V6K < pe™™ : m? > 2. (5.5.3)

One may observe that all four modes are irrelevant with 6 > 0. We see that when
both the inequalities in (5.5.3) are satisfied, the solution is stable and following [74]
we identify this with metallic state. When the second inequality is violated the
respective deformation mode becomes relevant. However in this case the translation
symmetry remain conserved since we have w — 0 as » — 0 and the respective
deformation which causes the helical structure to arise, is being turned off. When
the first inequality becomes violated in (5.5.3), it will cause ¢,, < 0 about IR fixed
point, make the dual operator relevant. When the deformation associated with w(r)
turns out to be relevant, w will take nonzero value at horizon. Consequently the
translational symmmetry will break and the respective instability mode will turn on
the helical geumetry. In addition, it is also expected that ¢ will also be turned on. We
expect, then such relevant modes will drive the IR geometry from AdSy x R3 along
with some deformation, to the one with helical symmetry and non-zero ¢. Hence
once this condition is violated, following [74], we understand that system will flow
away from metallic phase to another fixed point phase breaking SU(2) — U(1)

which we have seen, suggestive to be antiferromagnetic phase.
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5.6 Conclusion

Here we have developed RG formalism for our proposed model, which is SU(2)x
U(1) gauge theory coupled to scalar in adjoint representation in the presence of
Chern Simons and Gibbons Hawking term. We derived the Callan Symanzik equa-
tion, ( functions in this model. We found that the critical points, which is obtained
by setting all the S functions simultaneously to zero, corresponds to the extrema
of the potential TV (¢'$). We observed the trivial fixed point corresponds to an ac-
tion which has AdS RN black hole solution, Here the near horizon geometry along
with some deformation corresponds to metallic phase. We also noted the fact that
our model has a nontrivial fixed point where SU(2)x U(1) gauge symmetry breaks
down to U(1)x U(1) symmetry and resembles antiferromagnetism. We have also
checked the fact that the metallic phase develops instability for certain parametric

condition, flows towards another phase which is suggestive to be antiferromagnetic.
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Chapter 6

Hyperscaling violating geometry and

thermoelectric properties

6.1 Introduction

So far we have restricted our study of different phases of holographic superconduc-
tors. In this chapter we would like to deviate a little bit and like to study transport
properties. As we mentioned earlier, there are materials discovered, which show
anomalous transport behaviours. In particular, there is strange metal phase which
shows linear temperature dependence of resistivity. These behaviours are substan-
tially different from the Fermi liquid and understanding such deviations is the one of
the motivations for studying this. Since it has been suggested in [100] that hyperscal-
ing violating geometries may be the appropriate set up to look for such phenomena,

we consider a different gravity model in this chapter.

We consider hyperscaling violating Lifshitz geometries for this purpose. Such
geometries are characterised by two parameters v and &, corresponding to Lifshitz
scaling and the hyperscaling violation respectively. As mentioned earlier, trans-
port properties for such theories have been discussed in [86-90]. To obtain such
geometry one may consider four dimensional Einstein-Maxwell-Axion-Dilaton the-

ory with two U(1) gauge fields. One gauge field is required to introduce Lifshitz
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like behaviour, while the other plays the role of electromagnetic field. In the present
chapter we will be considering transport properties that ensued from this solution

and look for scaling behaviour of various transport coefficients.

Our approach will be considering linearised fluctuations around black hole so-
lution. Solving equations of the fluctuations we obtain the transport coefficints. As
we explained in chapter 2 this appraoch is amenable for incorporation of different
boundary conditions as well as identification of the boundary observables. It has
been discussed for electrically charged black hole [88] with hyperscaling violating
Lifshitz geometry. In our work, we introduce a magnetic field and obtain a dyonic
black hole solution. With this dyonic black hole as the background we study the lin-
ear fluctuations. Considering expansion of these fluctuations in orders of frequency,
we obtain the solutions for lower orders. The magnetic field enable us to study the
magnetic proerties as well, such as Hall angles. We will obtain and discuss the result
for thermoelectric coefficients for Dirichlet boundary condition but we can incorpo-
rate other boundary conditions as well, as mentioned above in a straightforward
manner. The case of electrical black hole may be obtained at the limit of vanish-
ing magnetic field. The expressions are quite invovled and we have taken limits of

parameters to discuss scaling properties of the coefficients.

This chapter is structured as follows. In the next section we introduce the asymp-
totically Lifshitz hyperscaling violating solution. In the next section we introduce
the fluctuations in metric and gauge fields, consider their linearised equations of
motion and obtain solution in low frequency limit. In section 6.4 we compute the
thermoelectric coefficients and discuss their temperature dependence. We conclude
in section 6.5. Some of the materials related to the necessary canonical transforma-

tion of the fields has been discussed in the appendix B.
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6.2 Hyperscaling violating Lifshitz Black Hole

In the present section we derive asymptotically Lifshitz hyperscaling violating so-
lution of the equations of motion from our considered model, in the presence of
background magnetic field. We will use this solution as the background. The elec-
trically charged solution and the dyonically charged solution have been described
in [86, 88] and [87, 89] respectively, as classical solutions of an Einstein-Maxwell-
dilaton-axion system. As mentioned above, it requires 2 gauge fields to obtain the
geometry. Here we have coupled them through a symmetric invertible matrix >; 7,
I,J = 1,2 with positive eigenvalues, where > depends on the dilaton field ¢. In or-
der to violate the momentum conservation, which is required for direct conductivity
we include two axion fields, x%, where ¢ = 1,2. We include a dilaton dependent
prefactor Z(¢) for the Axion term in the action (6.2.1).

We consider the four dimensional action

S = Sgrav + Sscalar + Saxion + SU(l) + SGibbons—Hawkings (621)

where

Sgrav = /d4IL‘\/—_gR,
Sscalar = —/d4x\/—_g[04(a¢>2+‘/(¢)],
Suion = — [ d'ay=g2(8) 0N,

Svay = — /d4x\/—g[EUFF{VFJW} ,
(6.2.2)
and three dimensional boundary action is given by
1
SGibbons—Hawkings = @ / d3x\/ —72K, (6.2.3)
oM
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where 2 = 87G and the SGibbons—Hawkings 18 Gibbons-Hawking boundary term.
V(¢) is the potential for dilaton fields. We have derived the equations of motion

obtained from (6.2.1) given by

]‘ a a 1 (o2
Ry = 00u60y6 + 5V (0)guw + Z($)0uX 00X + 2815 (@) (Fn 5 = 10 Fpp /7).

VA ()F),) =0,
VM Z($)0ux") =0 and 2a0¢ —V'(¢) = %} J(gb)F/{UFJPU,
(6.2.4)

which represnts Einstein, Maxwell, axion and dilaton equations.

We have chosen the following ansatz for the metric, axion and the gauge fields

ds% = yudatde” = dr? + 2 (—g(r)dt? + do® + dy?),
1

B
XlB = ]{ZE, XQB = k’y, ¢B = ¢B(T), AI = aI = a{(r)dt + TEQbZL‘adl’

b

(6.2.5)

to obtain asymptotically Lifshitz hyperscaling violating black hole solution. Here
we denote the background metric tensor by v,;, . Note that since we have chosen
linear axion in the background, it is breaking the translation invariance. Thus by
our choice of background we are incorporating a mechanism to break momentum
conservation to obtain DC conductivity. One gauge field gives rise to Lifshitz like
behaviour of the metric. The solution has electric and magnetic charge with respect
to the second gauge field, though we have kept the constant magnetic field F({b =

%Bl eqp associated with both the gauge fields.

We substitute the ansatz (6.2.5) in the second equation of (6.2.4). We found that

the elctric charges q; = — gfl/ 2y, Jﬁra;f is constant. On substitution of the ansatz
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(6.2.5), the first and the last equation (6.2.4), give rise the following equations:

7 /

9 9 g9” 2 2H 4H
— HZ -2 =k*Z B 2e”
2 +3 2 1 (p)e +2e 1 Q,
/
1
H//+H/(3H/+2g_g) +k22(¢)672H _ §V—|—€74HQ,

/ (6.2.6)
(6H" + 4H'29—g) = a(8,0)* — 222 Z(¢)e 2 — v — 2071,

20086 + (B + £10,0) = V'(6) = 21,
where Q = (3! (¢)qrqs + 1517(¢) B’ BY)

Provided we have the expression of Z(¢) and 3 ;(¢), we can obtain these equa-

tions to find out the metric, the dilaton, the Maxwell field and the potential.

Very similarly like the electrically charged black hole, these equations gives an
exact dyonic black hole solution [87,89], which depend on two parameters v and
¢. It is more convenient to choose another radial coordinate z to get appropriate
asymptotic behavior and the dyonic solution in terms of v is as follows. The metric
is

dz?
22F(2)?

ds? = 278 [=22F(2)dt? + + 2% (da? + dy?)), (6.2.7)

where we set ¢! = z27¢ in (6.2.5). The blackening factor F'(z) is given by

k2 m Sq%
F =1 —
(Z) t (2 _ 5)(1) _ 2)Z2v—£ »24+v—§ T (2 _ 5)@ _ §>Z2(u+1—g)
BQZQU—G
: 6.2.8
T 6 e 3020 (6.2.8)
This z coordinate is given in terms of r by the relation
—£/2 _1/2 dz
dr = —sgn(&)z" S/ “F (z)? (6.2.9)

Other fields and functions are given following manner: The prefactors, ¥;7(¢)
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and Z(¢) are

Si1(e) = Ze[(£_4)/u]¢’ Soo(¢) = Ze[@”—Q—E)/MW, S10=0, Z(¢)= Ee[“/@ﬂ)]ﬂ
(6.2.10)
where o = 1/2 and p is given by 2p2a = (2 — €)(2v — 2 — £). In terms of new radial

coordinate z, the dilaton, the axion and the gauge fields are

¢ = plogz,
X' = ka,
X = ky,
4sgn(&)q1 _ 24v—¢
1 2 +
@ = 2+v—€(z T,
4 _
i —Sg%fng(zfv—zi v, (6.2.11)

where the charge ¢; is given by
G=024+v-8w-1)/8, (6.2.12)
and V' (¢)
V() =—24v—8)1+uv—&)efdH — %B%@“v—@(wm. (6.2.13)

represents the potential.

6.3 Fluctuation

Thermoelectric coefficients are expressed in terms of correlation function of opera-
tors which are dual to linear fluctuation. Therefore, for computation of the former

we need to consider linear fluctuations in the metric and the gauge fields around the
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background solution. The fluctuation in the metric is given by
Yij = VBij T Oij, (6.3.1)
whereas fluctuation in the fields are given by
Al =Api+al, ¢=dp+e, X'=x+6" (6.3.2)

where ¢, j takes values on ¢, x and y. We define Wij = ~Jkg;.. To simplify the
analysis, we set W} = W2 = W = W{ = 0 and ¢ = of = 0 consistently. That
leaves nonzero fluctuations to be W2, W, al and 5% Note that W/ is related to W
and so W! will not be considered separately. Assuming these fields depend only on
t and r, the linearised equations for these fluctuations for the background given in

the ansatz (6.2.5) are as follows:

Org
29

= —Qe‘QH[kZ(ﬁtﬁ“) + 22]]((%04{)(&«0&5) + B_QHZ[J(atOz{))EabBJ],

07 + (30,H — —=)0, — e 2 (2k2Z + e 253, BT BT )Wy

O W+ 2e 2151 1(8,00 ) B ey WP
= —2kgZ0,.p* — 4672HZU8ratI8tag — 2ge*2HZUBJeab8,«a{) ,

_ _ _ 1
3T{EIJ€H9 1/2[(ar04£])Wta + gar@g]} =g 1/26 HEIJ(@?O‘g + §EabatWthJ7

T rZ —2H
& + o 10,59 — S 928 = g le2HEa,Wa. (6.3.3)
29 Z g

02 + (30, H +

As mentioned above, equations for W! follows from the above set of equations. We

further assume the time dependence of the various functions are ¢!, This reduces
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above set of equations to the following

02 + (30,H — 52"; 0, — e 2H(2k2Z 4+ ey, BT BT jwp

= 2 M [—jwkZB + 251 7(0ral) (0ra)) + iwe *H S jof ey BY),
iwd W+ 2e 215 10,0l )BT ey W)

= —2kgZ0,.p% — 4iw6_2HEU0Ta,{ag —2ge 25 ;B € 10: ag,

GT{EIJeHg_l/Q[(ﬁra;])Wt“ + g(‘?rag]} = g_l/Qe_HEU( w2aJ + 7eabWt BJ)

0,38 g1/2 28,89 = —iwkZeH g2 (Wa — %m). (6.3.4)
we follow [88], to introduce new field
01 = Wo — %5@. (6.3.5)

The fluctuation ©¢ is dual to the energy operator in the boundary theory. We intro-
duce new function Q = w? — 2k?¢Z in order to express the equations in terms of this
field ©“. Some of the terms, however, we have expressed in terms of W, which can

be written in terms of ©% and 3.

0, [2k%g 20 (—g 7121 9,0 + 4gral) — 2iw0 ™ Bl ey (g WP

. g1/2€HEIJarO[Z)])] . eHgfl/Q(QkQZ + 672H2]L]BIBJ>@G

= %eHgl/zEUBIBJB“ - 2iwe*Hg*1/26abEUBJa£,

— g_1/2eH8T(g1/26H21J8,«0zg — 2k%gZQ0 1q;0%) — %g—”ze’f@(gzm@a

+ WP (S — 497 e ggrqs)a

+ 2w ! EabQIBJ<QJWb eHgl/QEJK&«alf{) — %ug_lEueabWthJ =0,
0WE 4 (00d o = e 8y B (0,0 WP+ gdoi]) + 202 0,
0,13 g1/2 20,87 = —iwkZeM g71/20%, (6.3.6)

To analyse the theory at near horizon limit, we introduce another radial coordi-
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nate u, convenient for this purpose. it is related to r through du = —g(r)'/2e=H ") qr.

In terms of « the metric turns out to be

du?

ds? = 2HW (_g(u)dt? +
(—alu)df® + 2

+ dxdx + dydy). (6.3.7)
The derivatives with respect to « and r are through
Oy = —\/Ee_Hau, Oy = —g~ %M, (6.3.8)

The differential of u is expressed in terms of that of z through the relation du =
sgn(€)z*~3dz where v and ¢ are parameters determining behavior of the metric.
The horizon of the black hole is located at © = uy, so that the blackening factor in
terms of u at that point vanishes, g(u,) = 0 and at near horizon ¢(r) = 47Tp +
O(p?), where p = u;, — u. At the near horizon limit, other quantities, 4, Z and 7

approaches constant values.

The near horizon limit of the four equations are as follows:.

2k%Z

<'L)2
8k2Z 2i
t qrgdu(gay) — ;QIBIEabathb + 3B BIW =0,

J o g 2k*Zqr 5. 4 —2H J
EIJ[gau(gauaa) tw aa] T2 g 0,0 —de 41979¢%,

21
(904 (g0u (e ON))] + 2k2Ze2H 0% — ;eabZUBI[g@u(g@uag] )+ waf]

21 21 W
+ —e 2H g1 B ey ¥ i g2 0uais + e 2He warqB? gWp — 7EIJ€abWthJ =0,

21 21
OuW§ — ;6_2H€aquBIWtb + 46_2Hq1a£ — ;e_zHeabZUB‘]gﬁuab‘]
2ik
- Lgauﬁa = Oa
w
90u(9 20,21 3% = —iwkZe*H 0, (6.3.9)
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Considering the terms contributing in leading order of p we obtain

2k*Z
w?
+ SpB'BTW =0,

21
[g@u(gﬁu(GQH@“))] +2k2Ze2 e ;eabEUBI[gﬁu(gauab‘]) + w2ab’]]

S17190u(90ua)) + w?al] — %"Jz] JeaWPB? = 0. (6.3.10)

Choosing the in-falling behaviour of the fields at horizon, we obtain the following

near horizon behaviour

—iw

2Hoo o piwr, gl ~ pit 6.3.11)

where we have introduced the combination

1
nl=al + ﬁeQH Blep3b. (6.3.12)

As we will see the above near horizon behaviour determines the relations among

the integration constants appearing in the solutions of the different fields.

In order to study direct conductivity, we need to have solution of the fields ©%,
ol and B°. The differential equations are quite complicated to solve but we do not
require the full solution. Since direct conductivity depends on the behaviour of the
fields at low frequency limit only, it is sufficient for our purpose to expand the fields
in powers of frequency and determine the low frequency behaviour of the fields. In

other words, we consider the following power series expansion

0r = 0% e 1 ,2e ) 4

al = aﬁ(o) +woz£(1) +w2a32) T+
ﬁa — Ba(o) + wﬁa(l) + w2ﬁa(2) + ... (6313)

These expansions will enable us to determine the fields at different orders of fre-

quency from the equations in an iterative manner .
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We can separate out the equations to every order in frequency where first we
consider the equation with the terms at the order of zero frequency. On substitution

of the expansions of (6.3.13) in (6.3.6) yields from the second equation in (6.3.6)
0r(g"2eH % ;0,0 — ;070 = 0, (6.3.14)
This suggests we can introduce a new function
CY = g 2y 10,0 — ;0% (6.3.15)

Then from (6.3.14) we understand that C?(O) is a constant. From the first equation

in (6.3.6) we obtain
0,1 g3%0,(g710°0) 4 40! 1) = 0, (6.3.16)

where we have used (6.2.6). For fluctuation of axion field we get from the third
equation of (6.3.6)

C?(O) B[ .

a0) _, Y1 O
O3 a9 6.3.17)

From (6.3.14) and (6.3.16) we write the solutions in terms of the following inte-

grals

du 0) aldu
@(L(O) _ @a @(I/_ _4 Ca( /t_
997 + g0 ezng 9L 62H92’

, ; Z[J du
@ = o0 _ C}’(O)/—du - qJ@?/E”du - QJ@%/EIJ/ 2H g2
17 [ o du
—4C]JC /dZ /€2H 2

5(1(0) @ a(0) + EabC b(0 ) /

eQHgZ’
(6.3.18)

where we have used integration constants, ©f, ©9, @ééo) and 58 (0)

At the near horizon limit, H, Z and X ; are taking constant value given by H (h),
104



Z(h) and ¥17(h). Behaviour of g(u) near u — wy, is g ~ 47Tp and of ~ O(p),

which gives the expression

o4 10999,0!
AT e2H(h) - ArTe2H (h)

10) _ _1(0) 1,05 a(0), 517 (h) el ]
Qg ' =y +(—47TT62H(h)+CJ )47TT logp+ q;07%""(h)p,  (6.3.19)

0" = (4nTp)O; + plog p,

C?(O)B[
‘b T2 Z (1)

B0 = g — log p.

Since B! enters the equations at the first order of w, The equations are very much
similar to the one obtained in absence of magnetic field [88] at the zeroeth order of

frequency.

Next we will consider the equations with the terms at first order of frequency.
Here we will adopt a recursive procedure to determine the solutions at different
orders of w, by using solutions obtained in the lower orders. On substitution of

(6.3.13) in the second equation in (6.3.6) we get

g_l/zeHar(gl/QeHEU&«ag(l) _ ql@a@))

29 _
A *eparB? (40" — eHgl/QZJK&Oézf{(O))
- 19_121J€ab@b(0)3‘] =0, (6.3.20)

2
which leads to

b(0) Qbl0)

C
a1~y + X7

1 .
auo}l( ) = —ig 1€abBJ(_p2262H

) 6.3.21)

(1)

By integrating (6.3.21) we can write C? in terms of the zeroeth order terms. Sim-

ilarly, ©2(1) and 5 satisfy the relation

Al G20, (g 0] — 40?(1)%04,5[ + 2ieabE[JB‘]oz£(0)
oo a0y LT I pJ ga(0) _
+ kQEQbB gC’I 8u(gZ) kEIJB B ﬁ 0, (6322)
8u[62HHZ8uﬁa(1)] = ik:ZeQHg_l@a(O),
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(1)

while we can get o,/ from

Dual ) — st cal) _ o o-1ga) (6.3.23)

Like C}l(l), we can integrate all these equations to obtain expressions at first order

in terms of the zeroeth order fields.

Using the recursive procedure as we mentioned, we substitute the near horizon
behaviour of g, H, Z and X obtained for the zeroeth order and integrate the above

equations to get the near horizon behaviour of the fields at first order. The expression

for C?(l) is

: J Cb(O) bz
C}zu) :C’?(()l) i€qy B [< q1C5 ©3217(h)

1
. 1 - az 2H(h)4 T
2HM 477\ T K2Z(h) 87T ) ogp+ 50121 (h)e TP

i QE[JO?((O) 8uoth
47T

(plogp—p)] + ...,
(6.3.24)

where C}Lél) is the constant of integration.

From this expressions, we can obtain a similar near horizon expression for (1)

from (6.3.22) as follows

@a(l) B @g ieabBIC?(O)

= AT TR 20 § 6.3.25
LT R 1 S L ( )

where ©5 and ©f are constants of integration. The fluctuation in gauge field at first
I(1)

order, o, at the near horizon limit can be obtained from (6.3.23) and is given by

1, S [ 498

a(l)
Qq = Qg T | 2Em T +Chy 7 | logp + ..., (6.3.26)

where we have introduced the integration constant as ai(()l). Finally the 5 at first
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order appeared to be

Ba(l) _ 58(1)
o—2H(h)

ArTkZ(h) [

7

k

1
eabBKC;)(((l)) - §(€2H47TT961L + 4%&2(()0))

b
1B e By log p + ...,

(6.3.27)

We can obtain the integration constants, which we introduced at different orders
in the following manner. We compare the expressions near the horizon behaviour
with the near horizon behaviour of the various fluctuations, as given in (6.3.11).

That requires consideration of the equations upto second order in frequency.

From the second order of w equation we obtain the expression for C’?(Q) as

—2H '
8UC’?(2) _qre [(GQHau@a(O) + 4qu¢g(0)) + 2ieab(6’3(1) — %QJﬁb(O))BJ]

C2k2q7
> : :
_ f[ag(O) _ %(@b(l) i %ﬁb(o))B.}]

(6.3.28)

On the other hand for ©%2) we get

— a a ]- a J
0ule* g20,(9710° )] =401 80! — g0, sz (020,00 1 g o] ©)
+2icap(C =20, 8" BT + 81, B B 50 — 2ieggay .
(6.3.29)
i = g 2l 0,00® — q100?), (6.3.30)

To compare to the boundary condition at horizon we need to obtain the leading
order behaviour of the fields near the horizon. We substitute the zeroeth order and

first order expressions of the fields on right hand side of (6.3.28) and observe that at

(2)

the near horizon limit, the leading order expressions of C}*” terms of the order of

log p and (log p)?. In particular, there is no 1/p term in its near horizon leading order
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expression. From equation for ©%2), we obtain the leading order behaviour of ©%(2)
as

d
910" — 94 + 05 / eQT“gQ +Slogp+ ... (6.3.31)

We have introduced two constants of integration, ©F and ©¢. The coefficient of log p

written as S is

I ST 2H na I . b(1) L ob(0)\ ol o9
S = 2272 () [(—4nTe " 07 + 4qrayg) + 2iew(Chy kq[ﬁo )B] + e
(6.3.32)

We collect the expressions of ©% at different orders of frequency together to

write the near horizon expression of ©¢ upto O(w?) order as

04 1 iweabC’}’O 2(—7?T62H(h)@‘1‘ + QIOCI?)) 9
a - Ta 4 a a
" =it g O+ (pmm gy PZ0)
w? b0) 1, 2 %
+ mEabﬂo QIB ] +w W) 10gp+
(6.3.33)

Following [88] we redefine ©3, ©f and C, so as to absorbed all the constants of
integration in them . Similarly the fluctuation of gauge field at near horizon limit is

given by

7709

W( Jo T m) logp+ ... (6.3.34)

_ I
aa_aa0+

where, once again, o, absorbs all the constants of integration. Fluctuation of the

axion field ¢ at near horizon limit given by

B 5o 1 Irb o 2H (1) Q0 I
- = 7 T2 (h) [—eap B Chp + 2iw(—nTe”™ (h)OF + qrop,)
3%0)
+ iw(qrBY)eq Ok: Jlogp+ ... (6.3.35)

where the constants of integrations are absorbed in .

Comparison with the near horizon behaviours of ©% and 1! = o + %BI eab%b as
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given in (6.3.11), leads to

BB’ »1(h)q 1 o4 B!
1J a J 1, 1o
(E (h) + 2k2Ze2H(h)) JO + 62H(h)47TT@ ZW{( Qg0 + 2B €ab— L ) 62H(h)k22[€ab
1 a
(T D6 + grady) + S (asB”) D),
ArT , . . b
03 = _k2Z(h) [eabBIC?O — 2Zw(—7TT€2H(h) T+ qjozgo) — ZW<QJBJ>€ab%].
(6.3.36)

From the above two equations (6.3.36), ('}, and ©F can be expressed in terms of

other constants aflo, ©f and 3 in the following way,

2q79K +ZJN(h)BNQK ok

a _ J _
Clo. = M=)+ g7 o e a7y el

27T 1 .1
+ 220 [q.70ap + §EJN(h>BN€bC]@1 ~ 5[(EJK(h)
4959k K ZJK( ) BO
————— B €y — pMy_ 2BV
b Ezmerm) B e~ BT el )
a AT 47T a ﬂb

@2 = kQZ(h) 6ab-B C]O + W ]{jQZ(h) [2(—7TT€2H(h)@1 + QIOléa) —+ <QIBI)€ab?O],
(6.3.37)

upto leading order in w. In the above equation we have introduced the matrix (M j] )ab

given by the relation

Sin(h)BYN B/
2k27 (h)e2H (h)

a1 B’
[(5IJ + mEab](MJK)bC - 5{(5ac. (6338)

)ab_

It reduces to § }] dqp in the absence of magnetic field.

To identify the right operators in the boundary theory, we need the asymptotic
solution of ©%, ! and A% and the asymptotic solution of the fields upto the lowest
order in frequency will be sufficient for this purpose. The magnetic field contributes
at a higher order in frequency, as evident from the linearised equations of motion of

the fluctutations. Therefore, upto the lowest order of frequency, the expressions is
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same as those obtained in [88] for zero magnetic field . Hence we introduce

f—Sv—ld
¥() = san(0) | S
Yi(z) = %@_)qg(—ziﬂ‘fwz) + sgn(€) / dzz= 20t =2y, (6.3.39)
YVi(z) = %gnf@;%(—zi_v\lf(z) + sgn(&) /dzz2§4”1F2).

In terms of the functions defined above we can write down the asymptotic expan-

sions of the solutions of the fields at small frequency

00 = 20V F(2) (0 + ©5T(2) + 407V (2)),
ag = agg — Ofaf — sgn(€)O2q, / =520 (z) (6.3.40)

— sgn(&) /dzEUzvl(Flé‘I]( + 4q7220 VY K ()0

From (6.3.40) we can establish a relation between the parameters describing
the asymptotic behaviour of the solutions and operators in the boundary theory. A
discussion of this relation is given in [88], which we have included in the Appendix
B. As explained in [88], one can identify the basis of symplectic variables which
parametrizes the asymptotic solutions from asymptotic behaviour of the generalised
coordinates and momenta. For that one expresses asymptotic solutions of the linear
fluctuations of the fields ©%(9), oé(o) and %) and their conjugate momenta in terms
of the modes ©f, ©9, aéo, C? and 3§ in the radial Hamiltonian formalism. Next
one makes a suitable canonical transformation, which can be realised by adding
appropriate counterterms, leads to holographic renormalisation of the action. As
we see that from the asymptotic behaviour of these transformed canonical variables,
we can identify the operators in terms of the modes parametrizing the asymptotic

solution.

The choice of the boundary condition appears to play an important role in this
identification. As explained in [88], the Dirichlet boundary condition can be im-

posed on the gauge field through addition of a finite term in the renormalised on-
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shell action. We see that with the electrically charged black hole as the background,
the expressions of the conductivities obtained using the near horizon method agrees
with the Dirichlet boundary condition. Therefore, in order to compare the results
already obtained using near horizon method, we will consider the Dirichlet bound-
ary condition in the present case, where we have magenteic field in the background.
Generalisation of these to other boundary conditions like Neumann or mixed bound-

ary condition is quite straightforward.

In the case of the Dirichlet boundary condition, one is interested in energy opera-
tor £ and current operator [J; as shown in [88]. The expressions of these operators

in terms of different modes are given by (B.0.10) and (B.0.11)

wqr 2w g

1 2
g4 = —2—/12( S+4au'cyy), Ji= _§<C?o - 768)’ Xo = _WQIO‘LI'

(6.3.41)

where «! is obtained from the asymptotic behaviour for the renormalised variables
as given in (B.0.12). Various correlation functions can be obtained from the ex-
pressions of operators,which has been used for computation of the coefficients of

thermoelectric conductivity.

6.4 Thermoelectric DC conductivities

In this section we discuss thermoelectric conductivities for the model which we are
considering. We have determined ©3 and Cf, in terms of other constants (6.3.36)

in the last section. Substituting these expressions in the energy operator £¢ given in
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(6.3.41), we obtain

i SiT AT
2r2 2z W00 =\ "y

EJMBMQk 87T
W—Mﬁcd}aﬁ) + (W(QKMK — 7Te*) 504

AT 2nT
k‘QZeabB + 4,” 5ab)(MI )bC{Qk‘QZ
2979 S BY qrep
_ [(E + M—M)MK cd k27024 ]})@il
7T
+ {—5(_ k;QZeabBI + g 8ap) (M el (S +

- e Ve T oy

4
£ = 479K )6

eabB +4ﬂ[5ab)(MI )bc[(EJK + kQZGQA

1
+ (= (qr0ca + QZJMBMecd)

4q79K
k2 262A

d
(ax B )ead} 2 6.4.1)

)BKecd

In the above equations, we have used the asymptotic value of fluctuation in gauge
field, o as given in (B.0.12). In this section, to simplify the notation, we follow the
convention that, unless otherwise mentioned, A, >;; and Z represents their respec-

tive values at the near horizon limit.

The current operator J}' is given by

Ji = 2;5[(1\41 Janl(Zgr + ;Qqéq;)%c %Gbc]ac[(o

— (M )ab{%gZ(Qﬂbc + %ZJMB €be)

— [k + %)MK% ZJﬂlifZA;qguK [1O1

+ {%(Mlj)ab[(ZJK + %)BK%C — (qnBY) i;fz( 5 Obe] + CJI5ac}
Xo = —%qzaé,

(6.4.2)

where we have taken the expression of matrix (M IJ )ap from (6.3.38).
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The above equations lead to the expressions of two-point functions as follows

(Tf(~w) T (w))
(€% (~w)T7 (W)
~w)€¥(w))

} (T

(£ (~w)e¥(w))

(X (~w) T} (w))

(Tf(~w) X" (w))

SmBMgr

21 2
w 4K 41 ) W%a]y

2 (MJ Joel (kT + 127024
21w 27T 1
_Q(MI )bc{kz_z(q,](sca + §ZJKBK€ca)

Yy BMax

2959K
)0be kQZ—QAEbc]M

[(ZJK + W

%, 2nT T
3 (=240 — (—kg—ZBJGbc + 17 0e) (M) ca

29K 41 Sk BMqr
[(Ekr+ 27, QH)5da 200l dal }

22w 2nT 2H)(5b n
a

2rT 2q7qK
(Mf )cd[(WQJ - (B + 12 e QH)MK] a

K

m
(—WEchI + 44" Spe)

EJMBM(;;TZ - kq;;“zH)Eda}

2 M l(Sxc + 50y B,
(g Bj)igjg 5770 + 16
_%QIdaba

(6.4.3)

where all the other two point functions vanishes. We introduce the heat current

following [88]

Q% =& — ulge. (6.4.4)

We obtain the expression for two point function for heat current and electric currents
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as follows

Q) Q) = 2l Rz
+ BM%C(MM)cd[Qﬂda + %EJNBNEda]}a

(Qp(-)TP@) = T 1M elagden + 501 B e,

(TP ) Qpw)) =~ arbha+ TeseB (M) Sk + SE 5,
+ %Gda]}

(THDTH) = 2O (s + s+ ZEUD 0 ) (645

From the expression of above two point functions, we compute the thermoelec-
tric conductivities as follows.

Jpo_ (TR Tap ) [ {Qh()Qh) (@) TFW) ) o o

Taf v (TP (~w)Qp (W) (Tf(-w)Tjw))

We introduce the following parameters in order to express the components of con-

ductivity matrix in a compact form

BI
k27 02H "

1
nr = —Z[JBJ, bI =

5 6.4.7)

The matrix (M,”),;, can be written from (6.3.38) using these parameters,

[(1+n.b)n; + (q.b)qr]dap — [(1 +n.b)qr — (g.b)nsleap, 5

(1+n.b)? + (¢g.b)? .

(6.4.8)
where we have defined (n.b) = nsb’, (¢.b) = ¢rb’ and A = (1 + n.b)% + (¢.b). With

(M) ap = 07 60 —

these expressions, one can write the components of conductivity matrix as

= ab 7T [(1 4 n.b)opg + (q.b)epa]

Kk2k27 A ’
ELC}b = a‘}b = TKbc(qféca + nréca)l, (6.4.9)
a. 2 a 16 C
Vi = ?EJﬁb + WK (q76ca + ny€cd)(qrdda + Nr€da),
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where the entropy s is given by s = 4me?H. All the components of the conduc-
tivity matrix reduce to the expressions of the same given in [88] when we set the
background magnetic field equal to zero. It may be noted that both the U(1) gauge
fields are on the same footing. We have obtained a¢ I = af b implying time reversal

symmetry.

The above equations summarise the expressions of coefficints of the thermoelec-
tric conductivities for general case. One can observe that and these expressions are
symmetric between and electric and magnetic fields. Next we consider dyonic black
hole discussed in section 2 and apply this general result to that case. We substitute
the values of the various quantities for dyonic black hole in the above expressions

and obtain the following.

For the solution we obtain A = (k2 + 5= 24=6-€)2 | (2, B22"~4)2 and using the

relation we get,

82T 2(v— )(k2 B ;ILU 0= §>6mn+QQ2Bzzv 4€mn

:‘i2k2 Zh A )
mn T vt~ 2(k2 3—in 6= f)q15mn+2q1q2322” e
ai - 1%2 h A )
mn  __ 8 21) &— Zk QQ(Smn [(k2+ Bil ;4;: 6= 9) Z —2 5—1—26]%322” 4]€mn
G20 = T 2% A :
pmn — —25_45 4+ — ZZQU—4 h mn a2 mn
11 9p2 h  Omn Hng h A ,

8 k‘25 +[2 2B22’U—4+§ 2u— k‘2+ B? 411 6—¢
vy = —an% mn + 120,82 § Ah Bl )Je mn - (6.4.10)

6 4v+ -2
ymn _ L L Bv—8-2¢ 5 S S £(k2+16Q22;§ )5
2 _€—2y\ _ —4v46+E€
@B gp—12-0¢ T + (2K + 16¢32; ")z
+ /{2 hv 5 AQ b B €Emn - (6411)

Also one can obtain the expression of Hall angle from the above conductivities

by taking the ratio of coefficients of ¢,;, and d,; in the expression of ¢. We obtain

O =

2(]23221)4[%2 + f:4v+6+£(2k2 + 16(]%22_2)
kQ h B2 + —4’U+6+€<k_2 + 16q2 f 2)
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One observes that the factor in the square bracket lies between 1 and 2 and therefore,
Hall coefiicient can be approximated as [95]

_ 2¢2B

22—41.2
O = = 5-ui . (6.4.13)

The special case of the above expressions for § = 1 — z, is in agreement with the

results given in [87], which they obtained the near horizon method, as expected.

Once we obtain the various components of thermoelectric matrix, we can study

their temperature dependence. The temperature for the analytic black hole solu-

tion is given by T = —%ﬁo)vfﬂ]” (vp). In the present case of dyonic solution it
becomes
sgn (&) v 8¢ acwn K e B® 5,
T=-— 2— ——= o - . (6.4.14
I (2O R To R LA

This expression of temperature makes it difficult to obtain an analytic expression
of the conductivities as the series expansion in temperature. Nevertheless, while
we choose the appropriate limits of the quantities we can identify different regimes,

where one can discuss scaling behaviour of the coefficients with the temperature.

To begin with, we consider § < 0. For that condition the first term in the expres-

sion of temperature is positive while rest of the terms are negative . Then follow-

2,2—v—-2 £

ing [88] we consider the region of parameter space g5 2), <<z, k227" << 2y
and Bzz,i(v%) << zj to identify a regime of large temperature. In this region one

2
can approximate the temperature by the expression as 7" = %vi. In general

the relative strengths of the different terms in the expression of temperature de-
termine the behaviour of thermoelectric conductivity matrix with the temperature.
Therefore, we consider the following three regimes of parameters. There are other
possibilities, where two terms are comparable, but there it is difficult to obtain a

scaling behaviour of the conductivities.

The first regime that we consider has strong momentum dissipaion compared to

charge and magnetic field, which is given by, BQZ]?;(v—Q)’ BT << K25 <<
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2. In this limit we obtain

— %[ 20-0) 5t 90BT 2 4€mn]’
W 82‘1];2 [T Syun + Q%BT%UgEmn],

Vg~ ﬁ[Tf&rm T2 —z T el

amn _%[TW&M + %{%BT  emn]

The Hall angle is given approximately by 0y ~ T*7". Since ¢ < 0 itis not feasible
to obtain linear resistivity for #37 in this regime. Choosing v = 1 we get 0 ~ 1/T?

and 3§ ~ T~¢ shows a positive power of T for conductivity. Instead if we choose

251)2 2v—4

the relation, B222(U72) << k%2 5 Y << g3z, << 2z}, k* >> 2Bz, then
except 199, all the coefficients will remain the same. It becomes
8q3 . 21 2¢2B, av-s
I/gén = /12—1522[7’ v 5mn + 771 v emn]- (6416)

We note that in this regime, v35 and Hall angle have the similar temperature depen-
dence. So for z = 1 both the expressions scale as ~ T2, If we choose v = 4/3
we get &2 ~ T~1 implying linear resistivity. However, in this case Hall angle also

becomes 0 ~ T L.

The next regime is characterised by dominance of charge over momentum dis-

sipation and magnetic field. So the respective regime is expressed by the relation
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2 _26—v—2

3222(0—2)’ k2z,§ << g3z, << zf. The expressions of the conductivities are:

K~ /Q;ZZB) [zquTwém” * %va % el for B2 << gt
aym _%[ﬁ;TW&nn + %Tz”éﬁmn]a
Y %[QQ_ICBZTZIU%(SWW + %Gmn]a for kQZg >> (g2 BZeré H2,
%[Tgf o 2;263%@], for k225 << (guBz 7?2,
mn 21 [‘gf I 822%71]
(6.4.17)

We note that in this regime, v55 and Hall angle have opposite temperature depen-
dence. For z = 1 they scale as 72 and 7 respectively with the temperature, while
for z = 2, both will be temperature independent. The third regime is dominated by
the background magnetic field over the momentum dissipation and charge. In that

“=* with Hall angle

regime, the approximate temperature dependence are v33

having opposite temperature dependence.

For small temperature, we can identify the following regime of parameters.
BQZS(U_2) q%z%*”*2 << k%iiv N B2zz(U_2),k22h << qzz25 v < < % and
K257V 32t << BQZi(U_Q) < z . However, to obtain an analytical expression
for temperature for this regime is quite difficult. One can obtain the dependence on
zp, from above by replacing 7' by 2} in (6.4.15) and (6.4.19) respectively in the three
regimes.

For ¢ > 0 first term is negative and so large temperature may corresponds to the

2,20-v=2 op B222(v_2) dominates. In these

regimes, the expression of temperature can be approximated by T' = %zi_v,
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B2 3v—6

_ 8¢5  _2t—v-2
T = IGW(Q—U)Uh

-8 h or'l' =

, respectively. The scalings of the con-

ductivity matrix for various regimes will be as follows:

If we consider the parameter region corresponding to strong momentum dissipa-

tion, Bsz(v_Q) , q%zig_”_Q << szi_” we get

2(v=¢&) 4v—2£—4

87T (T < @B (T\ &
K™ ~ W[(ﬁ) Omn + 2? (ﬁ) €mn),
B

20—£-2

8mqu (T < 22
ar™ ~ _W[(ﬁ> Omn +

(6.4.18)

Forv — 2, V%% ~ T~1, however the Hall angle becomes independent of temperature.

If we consider the regime, where charge is strong compared to other two factors,
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given by Bzzi(”_m k25T << quiﬁ—v—2, conductivities coming as

8—20—2¢ 2(2—¢)

87T2T ]{?2 T\ 26—v-2 1 T 2—v-2
Koo 2l — o~ 5 -
K2)2 [4(]%32 (q%) mn 1 242 B (q%) Gmn]7

for BQ?}}?;(U_Q) << pQZIE_U,

204+2-3¢ 2(2—¢€)

82T . 1 (T %2 1 [(T\* 2
~ ol (_2) O + (_2) €mn]
K4k 16q2 QQ QQQB q2

6—2v—¢& 2—¢

87qu /{2 T 26—v—2 1 T\ 26—v-2
mn 749l M L 5 + 4
“ K2 [4q%BQ 43 " 2B \ g3 €]

for k2z,§_v << Bsz(v_Z),

forB2zi(v_2) << k:QZf:L_”,
Srqr. 1 (T \% 1 (T\%2
TG —v— —v—
al" ~ ——[— | = Ommn + —
1 K2 [16(]% (qg) mn 202 B (q%) €mn
for kzzi_v << Bzzz(v_z),
9 T 6—2v—¢ T 2-¢
S p 2602 1 Py
mn
~—— — 0 — | = )
" 2 1, 2 <q§) Y (qg) )
82, K2 [(T\%~ 1
26—v—2
Hn ~ igl[ 2 D) Omn + 6mn];
K2 g5 B? \ ¢3 2¢oB
for ]{222 >> (2qQBzZ+§_4)2,
£—4

for k2z,§ << (2quzZ+5_4)2,

for k:in_v << BQZ}?;(U_m,

8—4v 4—2v
81, k2 [(T\% 2 1 (T\% 2
W elm\g)  mtalg) o

4—2v
1 4k? (T\*> 8¢2
v~ gl (g) Omn g ol

(6.4.19)

We observed from above, v35 and Hall angle behave with temperature in opposite

manner. Though for z = 1 one obtains v ~ T~!, but the Hall angle does not
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depend on temperature. One can choose the small temperature limit in a similar
way as in the case of ¢ < 0. The behaviour will be same to those obtained in the

case of £ < 0.

We have seen contributions of different terms in the expression of temperature
determines the behaviour of the thermoelectric coefficients. For high temperature
limits there are several regions in the parameter space leading to scaling with tem-
perature, while for small temperature, it is almost impossible to identify the be-
haviour with specific powers of temperature. A numerical procedure may provide

more precise temperature dependence.

6.5 Conclusion

To summarise, in this chapter we have analyzed thermoelectric properties of the
boundary systems dual to hyperscaling violating Lifshitz geometry. In order to in-
clude the effects of magnetic fields we consider the dyonically charged black hole as
the background. We have used the method given in [88]. This involves obtaining so-
lutions of necessary fluctuations in metrics and gauge fields around the background
from its linearised equation. Then thermoelectric coefficients can be obtained from
the asymptotic behaviour of fluctuations in low frequency limit. This method [88]
though more invovled, has the advantage that the boundary operators can be identi-

fied explicitly and different boundary conditions can be incorporated.

Here we have obtained analytic expression of various thermoelectric coefficients
in terms of temperature in different limit. However, we can analytically discuss
only a few specific regimes because the expression of temperature in general is too
complicated,. In one of such regimes, we obtain linear temperature dependence of
resistivity for z = 4/3, though Hall angle scales inversely with temperatrure. For z =
1 we find 1/7? behaviour. The above result obtained for dyonic background may
follow [88] from electrically charged background using mixed boundary condition

on the gauge field. Further extension of this work is to study behaviour of AC
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conductivity with variation of temperature for intermediate frequencies, which may
require a numerical procedure. As suggested in [96], additional exponents may be
obtained by turning on mass for the bulk gauge field. This method can be used to

analyse other models towards obtaining agreement with experimental observations.
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Chapter 7

Discussion

High temperature superconductors and their close cousins remain exciting and chal-
lenging arena as the dynamics are determined by strongly correlated systems. Gauge/gravity
duality is a powerful machinery that can translate the dynamics of strongly coupled
field theory into weakly coupled gravity theory and in this thesis we have explored
some of the aspects of the superconducting and other phases using this duality. We
have adopted a bottom up approach where one constructs the gravity theory by in-
corporating appropriate fields and the symmetries expected in the dual field theory
model. This approach is quite flexible and one can construct a tailor made gravity

action in accordance with the requirement.

We begin our discussion with a gravity model, where we considered along with
Einstein gravity, SU(2) x U(1) gauge theory with scalar in adjoint of the SU(2). The
different fields condense giving rise to different superconducting phases of the dual
theory. A Chern-Simons term also has been incorporated to obtain spatial modula-

tion for constant electric field.

Since the equations of motion are quite involved we have taken recourse to nu-
merical computation. We have also restricted our analysis to the probe approxima-
tion, that is we have ignored the back reaction on the geometry. We find that below
some critical temperature, RN AdS black hole develops instability leading to con-

densation of scalar and vector fields. For this model we find s-wave and p-wave
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phases as well as coexistence of them. Since near horizon geometry of RN AdS
black hole along with some deformation corresponds to metallic phase [74], this
can be interpreted as instability of the same. We have studied the free energy of the
different phases as a function of temperature. We find the s-wave phase is always
thermodynamically favoured below critical temperature. For a model without the
scalar field and with a vector field it will be p-wave phase. From the study of the
free energy we find all the phase transitions are of second order, which is consistent
with the earlier results [6, 11,39]. Due to presence of Chern-Simons term, we find
helical solutions with pitch k. For the p-wave phase, we have studied thermody-
namic free energy for various values of pitch (k) and find there is a critical value of
pitch for which free energy becomes minimum. From the plots of free energies it

turns out the phase transitions are of second order in nature.

We further extend our study to explore the change of the scenario with addition
of higher derivative correction to the gravity model. We added neutral Gauss Bonnet
term, as it provides black hole solution. We find higher derivative corrections tend
to suppress the phase transitions. In particular, for both s wave and p wave phase the
critical temperature decreases with the increase of the strength of higher derivative
correction. Similar result was obtained for other models [38] . In principle, it could
be that for sufficiently large coefficient of higher derivative term, critical temmper-
ature will come down to zero. However, in our numerical method, it is difficult to
study the system near zero temperature. It has been found that RN AdS black hole
is also unstable to decay into AdS soliton solution [41]. Such transition occurs at
zero temperature with variation of chemical potential. We have studied the effect of
higher curvature on such transition and find the critical value of chemical potential

increases as the coefficient of higher curvature term becomes stronger.

From the experimental study of phase structure of high temperature supercon-
ductors and related material as given in Figure.(1.1) it has been found that it ad-
mits transition between metallic and an insulating antiferromagnetic phase. This

appears on variation of doping of the material. Since in the present model, RN-AdS
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black hole, whose near horizon along with some deformation, can be identified with
metallic phase, develops instability towards a helical black hole with SU(2) spon-
taneously broken through condensation it suggests it could have a similar phase
transition. In order to explore such a phase transition in the present model we have
used the techniques of holographic renormalisation group flow. In this holographic
RG flow, we expect the phase to appear as fixed points of the theory, i.e. simal-
taneous zeroes of the g functions. Following Hamilton Jacobi formalism we have
constructed the potential equations and find the gravitational Callan Symanzik equa-
tion along with the  functions. We found that simultaneous zeros of 5 functions
gives two fixed points. First is AdS RN black hole where the near horizon geometry
along with some deformation, gives metallic nonmagnetic phase, as we mentioned.
Second fixed point spontaneously breaks SU(2) — U(1) symmetry, and it may cor-
responds to antiferromagnetic phase [36] . To examine the insulating nature and

other aspects of this phase requires further study.

Next we extend our analysis to explore anomalous transport properties in strange
metal phase. New materials were discovered such as heavy fermion superconduc-
tors, cuprate high T, superconductors which are characterised by behaviour of the
transport phenomena different from that predicted by Fermi liquid theory. As sug-
gested in [100], such a phase can be holographically obtained by considering hyper-
scaling violating geometry. To understand this strange metallic phase we have con-
sidered an Einstein-Maxwell-Axion-Dilaton system with U(1) x U(1) gauge fields
in four dimensions. The coupling of gauge fields depend on dilaton and this system
admits asymptotically Lifshitz hyperscaling violating black hole solution [88]. A
background magnetic field is turned on that enables us to study magnetic properties
of the boundary system as well. Instead of using near horizon analysis [87] we con-
sidered the equations of linearised fluctuations around the black hole solution [88].
Using Kubo formula, we obtain thermoelectric DC conductivity of boundary theory
and Hall angles. As it has been pointed out in [88] different boundary conditions

may lead to different behaviour and our method is amenable to incorporate Dirich-
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let, Neumann and other mixed boundary conditions. From our result, we identified
several scaling regimes of transport coefficients. For different choices of parame-
ters the behaviour varies and in particular, we find linear temperature dependence of

resistivity, though hall angle turns out to be 7—2.

Though the study of the model with SU(2) x U(1) gauge fields provides us a fair
idea of the phase structure there are a few limitations. Because of the fact that the
equations involved are quite complicated we have restricted ourselves to the probe
approximation and ignored back reaction of the matter on gravity as a first order
approximation. Indeed, this may not be a poor approximation, in the sense that in
the limit of large charge it may be a valid approximation. It is important and infor-
mative to obtain a full-fledged solution of the gravity theory coupled with matter.
In fact for some simplet set-up such a back reacted black hole solutions have been
obtained [25, 26, 76]. Studying the differnt phases for such a solution will give a
more complete understanding. In the case of higher derivative correction for con-
densation of matter fields, we could not study the behaviour near zero temperature.
It may be informative to obtain a full picture of the dependence on the coefficient
of higher derivative term down to 7" = 0 as that will clarify whether stronger higher

derivative term may lead to absence of phase transition.

In the case of renormalised group approach a more detailed study of the fixed
points from thermodynamical point of view would provide a more detailed picture.
In general, the actions get renormalised at the boundary, which requires introduc-
tion of necessary counterterms. A full fledged holographically renormalised action,
along with the counterterms will enable us to compute two point functions at the IR
and UV limit. Such an action using Kubo formula, will tell us about the behaviours
of the transport coefficients as well. We have analysed transport properties for hy-
perscaling violating geometry but this model could not reproduce all the features
of strange metallic phase. An extension of this study could be to identify appropri-
ate gravity models which may reproduce the experimental features. It may also be

interesting to explore possibility of reaching other phases using RG approach and
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studying transport properties of them, in particular those of antiferromagnetic phase.

Since these studies are aimed at undersatnding features of condensed matter sys-
tems, it will be more realistic to consider lattice at the boundary. There are sev-
eral mechanisms to incorporate the effects of underlying lattice, which may involve
choosing chemical potential or axion to be periodic. As a continuation of these
studies one may consider how presence of underlying lattices may modify different
aspects of the systems. To summarise the phases of superconductors and related
materials provide an exciting and wide arena for studying strongly coupled systems.
Methods of gauge/gravity duality are quite successful but there remains various as-

pects to explore.
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Appendix A

Equations of motion and solution of

the fields

A.1 Equations of motion

Here we partially solve the equations of motion from section 5 to write down some

of the geometric parameters in terms of potentials. First we write down the equations
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of motion.
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A.2 U(1) gauge field solution

In this section we will consider the equation of U(1) gauge field, in order to find a
solution of the field in terms of the potentials, as we described. Since we obtain the
expression of the potential perturbatively, so this process actually makes it feasible
to obtain the expression of U(1) gauge field, near critical point. The equation of
U(1) gauge field a(r) is

1 U/ g/
a”r+{x’+x’+x'+—<———)}a'r
)+ Fh+antah+g (=) o0

—21(r)—x2(7)—23("T 9 / ¢T<r)¢(r) —
_ e m(r)—wa(r)—ms( )\/;w(r)w (r) — {W} a(r) =0. (A.2.1)

In our ansatz of the fixed point, we choose, around the fixed point the SU(2) gauge
field w(r) = 0. In the next section, we are going to establish the fact that that near
critical point w(r)? term can also be ignored. So expressing the metric-derivatives

in terms of the potentials, following (5.2.27) and (5.2.28), we can express (A.2.1) as
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} a(r) = 0. (A.2.2)

To solve the above equation let us substitute

—2a(r)ot (r)p(r)
g(r)

M (¢'(r)o(r)) = X. (A.2.3)

Since exactly at the nontrivial fixed point M (ng(r)gb(r)) vanishes so we can write

near the fixed point

M (¢'(r)¢(r)) = (676 — a) + O ((¢7¢ — )?)

as we discussed in section 5.4 in the equation (5.4.3) Let us consider a solution
U(r) = g(r). We can solve the above equation(A.2.2) near nontrivial fixed point, by

integrating the equation with the above prescribed value of M(5.4.3), as follows

x W (¢7(r)g(r)) X

dr 2d—1) o (o1 )e() :

_ W (et r)et) !
k= / S T T (w(r')«b(r’))}
") l M (6 0o ))]

. (A2.4)

Exp

J2EaC D —
=1 M ()

In the above equation (A.2.4) we have chosen U(r) = g(r), as given in (5.2.3)

Near nontrivial fixed point we can substitute the expression of ¢(r), M (qﬁ*(r)d)(r)),

W (ng(T)qf)(T)) to obtain the expression of U(1) gauge field a(r).
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A.3 Gravity equations

Here we express the gravity equations in terms of the potentials. In order to do so we
use (5.2.27,5.2.28,5.2.29) to express the equations in the new form. Also in order to

these equations we replace
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—20U(r) {%% (W (6" (r)o(r))] + CEE L (¢T(r)¢(7~))]2} 4 2e 2
K 5

N 2(xe—x1—x3) 3_]{;2 2(zs—x1—13) _ L d2W (¢T(T>¢(T)> _
+ e 5 ¢ T 1U(r) { 51 () do(r) 12
3

=g e+ U)e =0 {20l r)o(r)u(r)M (61ro(r) }

2

r) 0 f(r T(r)p(r
oo G g
a\r 2 a\r 2
- gL (@ 00t) - 1 {2 ot o (6ot |+ gl rrotn)
— 0. (A3.2)

Following (5.2.3), we write the equation of goo + ¢33 — g23/Sin[pr1]Cos[pr1]
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20(r) § 2 W (61 (0()] + oy [W (61 )6)]° } 4 B>
d—1dr (d—1)

31;2 2(.’1}2—3{31—.’]}3) k;z 2(.’1}3—.’1}1—.’]}2) 1 d2W (¢T(’)")¢(7">)

= 0. (A.3.3)

The equation of motion of g;; component of metric is

—20(r) {%d% (W (¢! (r)p(r))] + (d—31)2 (W (¢T<r)¢(r))]2} — ke m

2 2 dW (¢
+ k_€2($27$1*$3) + k_€2($3*$1*$2) + 1 U(T’) { (¢ (r)gb(r)) } o 12

2 2 d—1 et (r)de(r)

+I Lm0y o(ryir) 21 (51 )t}
_§k2€—2x1(r)—2x3(r)w(7,)2 o U(T) ow ((N(T)(b(?“)) ow (¢T (T)(b(?”))
4 2 991 (r) 9o(r)
a(r)? FY o (r
+ G (61000)
B l QG(T) 1 Mo (r T "o (r ? _l T "o (r e—2x2(r)w r)?
{20 ot (61010 | - 3ol o2 Ou)
b amPe (o)
_— (A3.4)
In order to find an expression of g;; = —g(r) at critical point with g(r) = U(r),
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we consider the equation of motion of g;; component, written in terms of the poten-

tials, with w(r) square terms are being ignored,

1O (61 ()e(r) W (s!(r)e(r))
oodt o0
2
- 2 (i)
= 3 QG(T’)TT . t ()b (r ? 1m2T7" .
o {20010 (61 1000) |+ 1! (60 (A3

Subtracting (A.3.3) from (A.3.2) gives

2k2 |:62(132—.131—1:3) _ 62($3—$1—$2)]

U {2006 (o) (61()6(r) )

L2e—2m (’r)—2z3(r)w(,,,)2

T O

= 0. (A.3.6)

To understand the above relation (A.3.6), first we expand w(r) around its fixed point

value w(¢py).

For any r, we can can express
_ duw(r) 9¢(r)
w(r) = w(gs) +{ o) o

)
ow(r) 0ot (r )
aw((r)) %ﬁ )\¢<r>:¢*<¢7<r) — 93}

+ (A.3.7)

|(r)=g. (D(1) — Ps)

We choose at the fixed point

w(¢x) =0 (A.3.8)
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Then it is understood from (5.2.27) that also the first derivative of w(r) vanishes at
the critical point. So we note that w(r)? terms are of the order [((b(r)T(b(r) — ) 4]
Since we are making the study of the fixed point with potential terms at quadratic

order, so we can ignore the w(r)? term in (A.3.6) and write the equation as
g2 |emmmmm) _ 2eman)] (A.3.9)
Finally from (A.3.9) we find near fixed point
xo(r) = x3(r). (A.3.10)

We substract (A.3.4) from (A.3.3) to obtain

U(r) OW (61 (r)o(r)) oW (81(r)o(r))  a(r)?
2 061 (r) 26 (r) 29(r)
[am} ? 1 oW (T ()e(r) oW (¢t (r)e(r

~—
N~—

= (@en) 96t oo (A31D)

in the above we use U(r) = g¢(r) to obtain % in terms of W (¢'¢). Finally we

obtain the expression for g(r) as

-1
BT 2a<T)Tr r T(r)e(r 1mQTr r
[{g(r)aﬁ()cb()M(é()cb()) +7 cb()cb()]

4 Pt (r) 99(r)
(6" (r)e(r))] ™ (A.3.12)

Here once again we ignore the quartic part of w(r) which add higher order cor-

rection.
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Appendix B

Identification of dual operators in

hyperscaling violating geometry

To determine the thermoelectric DC conductivities in the method presented here in
section 6 we have to identify the operators in the boundary theory with the param-
eters describing the asymptotic behaviour of the fluctuation of the fields which are
solutions of the equation of motion. These has been discussed in details in [88] and
in this appendix we include a brief review of their method. In order to describe their
method, first we consider a new set of coordinates which parameterize the “dual
frame”, where radial coordinate is denoted by 7, which is related to the Einstein
frame radial coordinate r with the relation given by dir = —sgn(¢ )e?iugz&dr. The rea-
son for taking this dual coordinate is that it allows both positive and negative values

of ¢ and our UV boundary with this coordinate lies at 7 — oc.

In order to identify the dual operators in the boundary theory corresponding to
the fields in the bulk theory we consider [85, 88] the symplectic set of variables
which consists of generalised coordinates and its canonically conjugate momenta,
defined in the bulk Hamiltonian radial formalism. This enables one to find the most
natural basis of symplectic variables which parametrize the space of the asymptotic

solutions.

The metric in the Einstein or the dual frame can be decomposed as follows.
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ds? = dr? + ~;;dx'dz’, where 2' = ¢,z In the radial Hamiltonian formalism the

metric and the gauge field are being decomposed as
ds® = (N*+ N;N")dr? + 2Nidrda' +y;5dx'da?,  Aldat = Aldr+ Alda’, (B.0.1)

where N and N; are the lapse and shift function respectively. Also +;; is the induced
metric on constant r hypersurface. Similarly A, and A; are transverse and longitu-
dinal components of the gauge fields to the constant r hypersurface. We also write
the expression of extrinsic curvature, which is given by

1
Kij = ﬁ(@%’j — D;N;j — D;jN;), (B.0.2)

where D; is the covariant derivative expressed in terms of the metric 7;;. Here
according to our notation barred quantities will be used for dual frame and unbarred

one for Einstein frame.

One can reduce the Lagrangian in the dual frame according to metric reduction

(B.0.1), as obtained in [88] and the reduced lagrangian is given by

1 __ 42 5 o« iy 26 _
2

_ ) _ . 1 .
- ﬁzﬁj(‘ﬁ)(pfi — N*FL)(F = N'F") - ﬁzg(@(arxa — N'9;x*)?
+ R3] — agdipdip — S5, FLFTT — Z9ix 9 X — Ve — 205]€%9,

(B.0.3)

One can obtain the canonical momenta in the dual frame from the above la-

grangian as

s oL, 6L §L 4L
7T‘7 = 7T[ = @, 7T¢ = 5—¢, 7Txa = W, (BO4)

with conjugate momenta of the non-dynamical fields, N, N; and A, vanishing.

Expressing the canonically conjugate momenta in terms of quantities in the Ein-
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stein frame one gets

o 3 o 2 y
7 = Ve Ky = KY), 7 =~/ S,

1

X (B.0.5)
Tp = V728K — a0rd), Tye = ——/=7Z0x"
K K

The expressions of canonically conjugate momenta evaluated around the back-
ground in linearised order of perturbations in metric and other fields, gives the fol-

lowing expressions.

1

ﬂ_ta _ m62€¢B€_3Hg_1/287«(64HWta),
2
Ty = —?eHgl/QEU(&nai + g_l(&nag)Wﬂ), (B.0.6)

1
Tga = —?63Hg1/2Z8,ﬁa.

To make connection with the asymptotic expressions we will express the above
equations in terms of ©%, o! and 3%. We will consider only the terms in zeroeth
order of w. Furthermore, we will use the radial coordinate z instead of usual co-
ordinate . Here we substitute the background values of the fields and use dr =

—sgn(£)z~¢/2F~1/2(2) 4= and consequently we obtain,

e — _ sgn(f) Z{—v—laz(zél—%(@a(O) + %‘)511(0)))’

4K2
sgn _ a w o,
it = U (210,000 + asgn(©)n(©°0) + 00
) f:( ) iy (B.0.7)
n = SD T (2000 + dsgn(€)ax(0°®) + 77O,
w —v— a
Tpe = 5 [—sgn(€)2° 60,00 - 4qra”).

We substitute the expressions for the fields in small frequency limit to obtain the
expressions of the canonical momenta. It has been explained in [88] the asymptotic
expressions provide a map between the two sets. Here one set is given by the fluc-
tuations, ©%(0), &é(o) , 5%9) along with their canonically conjugate momenta and the

other set consists of the modes ©%, 9, af, C{ and 3°.

The set of fluctuations we have defined in section 6 should be identified with the
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local sources in the boundary theory but with these expressions they will become de-
pendent of radial coordinate z. To properly identify the local sources and their dual
operators one needs to consider holographic renormalisation of the action. Since the
analysis we make here is very similar to [88] we refer their analysis for details. This
identification involves the canonical transformation among the fluctuation modes
and their canonically conjugate momenta, which can be realised by adding proper
counterterms in the regularised action. This canonical transformation, in absence of
the magnetic field has been described in details In [88]. They have considered the
regularised on shell action for the model with the black hole solution we described
here as the background. By means of addition of counterterms at the boundary the
variables 7%, A¢ and 77" undergo the canonical transformations, while keeping AS

and its canonical conjugate momentum fixed.

As has been discussed earlier, since the effect of magnetic field appears at the lin-
ear order in frequency or higher but not in zeroeth order term, so the small frequency
expansion of the fluctuations @a(O)’ aé(o), ﬁ“(o) remain the same as in the case of the
absence of the magnetic field. However, there are differences in the expression of
our blackening factor F(v) and so the counterterms will be changed in this case.
In the case when the magnetic field is present we are assuming that we can make a
similar canonical transformation by including the counterterms and obtain the trans-
formed variables which are appropriate to make identification of the local sources
and the dual operators on the boundary. A similar addition of the counterterms will

give the following asymptotic expression of our transformed variables,

1
M = — 52 205 +4u'CP) + . ag=ago —p'O1+ ..,
K i (B.0.8)
Mo = 2200l 4 a2 = oy — 26 + .
K
where the chemical potentials are given by
24+v—¢€ §—v
4sgn z 4sgn z
o s (©arz, 2 _sgnQ)ey, (B.0.9)

2tv—¢ "7 £ v
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The transformed variables as we obtained above are related to our original symplec-
tic variables through a canonical transformation. Following [88] here we identify
the asymptotic expressions of these transformed variables as obtained above with the
observables in the dual field theory as follows. By imposing different boundary con-
dition one can achieve different holographically dual theory. For Dirichlet boundary
condition on the field A}, which requires addition of an additional boundary term to
the on shell action along with the respective counterterms [88], the observables and

the respective sources for energy flux are given by

_ 1 _
£ =2 lim e®II" = —— (03 +44'Cfy),  ©f = lim e *"n,, (B.0.10)

F—00 2K2 F—00

respectively where 7 is related to r through the relation r ~ %e‘%f and n, is the

shift function in the decomposition of metric 7;; as y;;dzidz! = —(n? — nen®)dt? +
2ngdtde® 4+ ogda®da®, a,b = 1,2. Similarly the observable for U(1) currents and

pseudoscalars are expressed as follows

. 2 wqr . 2iw g
Ji =l === =7 0), A= Jim o = = u,
(B.0.11)
respectively and a! is given by
al = ol — ples. (B.0.12)
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